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€O, storage © 2022 Elsevier Inc. All rights reserved.

1. Introduction

A bubble (or droplet) inside a porous medium is a discontinuous fluid phase with respect to which the porous solid
is non-wetting. The occurrence of bubbles within porous media can be driven by a multitude of mechanisms: entrapment
by the wetting phase during fluid-fluid displacements [1,2], phase changes such as evaporation or condensation [3,4], gas
generation during chemical reactions or microbial activity [5,6], and emulsification (or foaming) of one fluid in another [7,8].
Each mechanism leads to an initial distribution (PDF,) of bubble sizes, ranging from those that occupy a single pore to those
that span multiple pores [9-12]. The capillary pressure, or P, across each bubble’s interface depends, aside from its volume,
on the bubble’s shape and morphology as dictated by the confining solid [13-15]. If the bubbles are also partially miscible
within the surrounding wetting phase, a thermodynamic competition is set in motion. Bubbles with a high P. dissolve while
their mass is absorbed by bubbles with a low P.. The transfer of mass occurs by molecular diffusion through the wetting
phase. This process is known as Ostwald ripening, named after the German chemist Wilhelm Ostwald who studied it circa
1900s [16]. The ripening process continues until an equilibrium distribution of bubble sizes (PDF.) is reached. The goal of
this work is to answer two questions: (1) can we develop a computational model that predicts the evolution of bubble sizes
from PDF, to PDF.? And (2) can we develop a theory that predicts PDF. directly?

Ostwald ripening in porous media is fundamentally different from that in bulk fluids [13,17-20], for which most classical
theories [21-23] have been developed. In a bulk fluid, bubbles are spherical and so P. is inversely proportional to the
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bubble volume, V. Ripening, therefore, transports mass from small to large bubbles. In a porous medium, the relationship
between P, and V), is non-monotonic [17] and, when bubbles span more than one pore, discontinuous [13]. It is shown
both experimentally [17,24] and computationally [18,20] that under such conditions, an initially heterogeneous distribution
of bubbles can have a stable equilibrium distribution. In the context of geologic CO, sequestration [25-27], this is good news
because it means that bubbles initially trapped by capillary forces can remain trapped. Recent work [18], however, suggests
that other driving forces such as gravity may modulate equilibration in ways that lead to the formation of a gas cap in
the subsurface, increasing the likelihood of leakage. At any rate, the existence of an equilibrium distribution of bubble sizes
in porous materials is in stark contrast to what occurs in bulk fluids, where all bubbles merge into one. This is because
any initial distribution of bubble sizes is unstable in a bulk fluid [13,20]. Applications, other than CO, storage, where the
equilibrium state and equilibration rate of bubbles are important include oxygen supply to groundwater [28-30], water
management in PEM fuel cells [31,32], and hydrocarbon recovery by solution gas drive [33,34].

We develop a pore-network model (PNM) that simulates the temporal evolution of an initial distribution of trapped bub-
bles towards equilibrium, driven by Ostwald ripening. The PNM represents a porous material with a computational graph,
consisting of pores (or nodes) and throats (or links). Pores account for all the void volume and throats for the diffusive
resistance between the pores. Each bubble is assumed to occupy no more than one pore, a limitation duly discussed later.
Bubbles can dissolve within the wetting (often aqueous) phase and diffuse from one pore to the next. The computational
algorithm is fully implicit and employs adaptive time stepping, which is necessary for fast computations. The need for adap-
tivity arises from the fact that Ostwald ripening is marked by periods of rapid change (e.g., bubbles vanishing) followed by
periods of very slow dynamics (e.g., anti-coarsening). We first validate the PNM against published microfluidic experiments
[17] and find very good agreement. We then propose a theory that predicts the equilibrium distribution of bubbles, PDFe,
directly. It takes as inputs the pore-size distribution (PSD) of the porous medium and the initial saturation of the bubbles.
When compared to PNM simulations, the theoretical predictions are in close agreement.

PNMs capable of simulating bubble evolution are not new, but rare. The earliest work we know of is by Li & Yortsos
[34,35]. There, a PNM was designed to simulate the growth of gas bubbles induced by volumetric expansion due to a
decrease in the wetting phase pressure. Bubble growth was simulated as an invasion percolation process, and the dissolved
concentration at each bubble’s interface was assumed proportional to the bubble’s absolute pressure (Henry’s law). This PNM
cannot simulate Ostwald ripening because the capillary pressures (hence interfacial curvatures) of the bubbles within the
pores are neglected. A very similar PNM, with identical limitations, was proposed by Dominguez et al. [36]. A more recent
PNM, designed specifically for ripening, was proposed by de Chalendar et al. [20]. While successful in capturing ripening
in small networks (~10 pores) and providing several useful insights, the algorithm has two key drawbacks: (1) it is only
valid when bubbles are far from complete dissolution, or vanishing (i.e., bubbles are sufficiently large), and (2) molecular
diffusion between the bubbles is captured in a somewhat ad hoc fashion. Instead of computing the concentration field of
the dissolved species, so-called diffusion paths between nearby bubbles are searched, whose computational complexity grows
exponentially as bubbles get sparser in number. Both limitations are removed herein.

Theories for predicting the equilibrium distribution of bubbles, PDF., are also not new. But most build on the seminal
works of Lifshitz & Slyozov [37] and Wagner [38] designed for bulk fluids. For example, Slezov et al. [39] and Schmelzer
et al. [40] assumed that ripening either stops or slows down when bubbles reach sizes comparable to those of the pores.
While useful for solids, these theories do not apply to trapped fluids because they ignore the interaction between a bubble’s
P. and the solid’s microstructure. As bubbles get larger, their growth does slow down. But not because of mechanical
deformations of the solid, as was assumed in [40], but because of the capillary resistance of squeezing the bubble into ever
smaller crevices of the pore space. Our theory removes this limitation.

The paper outline is as follows: Section 2 describes the physical problem we aim to solve. Section 3 presents the PNM
used to model Ostwald ripening. Section 3.1 details the governing equations of the PNM, and Section 3.2 the numerical algo-
rithm used to solve them. The theory of bubble equilibration is presented in Section 4. Section 5.1 validates the PNM against
published microfluidic experiments, and Section 5.2 validates the theory against PNM simulations. Section 6 discusses the
limitations of both the PNM and the theory, outlines potential extensions, and draws useful comparisons between the PNM
and existing formulations in the literature. Implications of this work for CO, sequestration are also discussed. Section 7
concludes the paper.

2. Problem description

We consider a porous medium that contains a wetting phase and a non-wetting phase (Fig. 1). In most applications,
the wetting phase is the aqueous phase and the non-wetting phase is the non-aqueous phase. Hence, we use these terms
interchangeably. The non-wetting phase is trapped in the form of isolated bubbles, which are partially miscible within
the wetting phase. The wetting phase, by contrast, is continuous and spans the entire pore space. We make the following
assumptions: (1) The porous medium is closed and no mass transfer occurs across its boundaries; (2) Both phases are
incompressible and stagnant (i.e., the pressure gradient inside each phase is zero); (3) The capillary pressure, P., across
each bubble’s interface obeys the Young-Laplace equation, P, = ok where o denotes surface tension and « interfacial
curvature; (4) The solid is perfectly non-wetting with respect to the bubbles (i.e., contact angle is zero); (5) No wetting
phase dissolves into the non-wetting phase (bubbles are pure), and the concentration of the dissolved non-wetting phase
within the wetting phase is dilute. The latter means that Fick’s law of diffusion applies inside the wetting phase; (6) Bubbles
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Fig. 1. (a) Schematic of a pore network representation of a 2D disk pack. Pores (green) correspond to the nodes (yellow) and throats correspond to the links
(dashed lines) of the network. (b) A pore containing a non-wetting bubble (red) surrounded by a wetting fluid (blue). (For interpretation of the colors in
the figure(s), the reader is referred to the web version of this article.)

are in local thermodynamic equilibrium with their immediately surrounding wetting fluid, i.e., dissolution is instantaneous;
And, (7) bubbles span no more than one pore.

Given an initial distribution of bubbles with different sizes, our goal is to model how they evolve due to Ostwald ripening.
The capillary pressure of each bubble, P, is a non-monotonic function of its volume, V}, the exact functional form of which
depends on the pore shape [13]. The initial difference in the V} of bubbles causes a commensurate difference in their P..
As a result, bubbles with a high P. dissolve faster than those with a low P, creating a concentration (or chemical potential)
gradient across the wetting phase. The gradient drives molecular diffusion, and the system evolves towards an equilibrium
distribution of bubble sizes in which all bubbles have the same P.. The next section presents a pore-network model (PNM)
that captures these physics.

3. Pore-network model
3.1. Governing equations

We formulate the governing equations solved by the PNM first. In the PNM, the complex void geometry of a porous
medium is replaced by an interconnected network of pores (or nodes) and throats (or links); as shown by Fig. 1a. Pores
account for all the void volume and throats for the diffusive resistance between the pores. We denote the volume of pore
i with Vp;, and the length and cross-sectional area of throat ij with L;j; and Ajj, respectively. The index ij indicates that
the throat connects pores i and j to each other. For simplicity, we assume that all pores are “semi-cubes” with a side
length of 2Rp;. We define a semi-cube as any shape that has a volume and maximal inscribed sphere equal to that of
a cube. For all practical purposes herein, a semi-cube of side length 2Rp; can be treated as a cube with the same side
length. The only difference is that the shape of the capillary pressure curve (introduced later in Eq. 4) is different at
large bubble volumes. For brevity, we refer to pores hereafter as being “cubic” with the implicit understanding that they
are semi-cubic. We note that the PNM is by no means limited to this shape as others may be easily accommodated in
the future. We assume a pore is either occupied by one bubble, or none. Fig. 1b depicts a (non-cubic) pore containing a
bubble.

For pores occupied by a bubble, we write two mass balance equations:

dme N
- = > Ajm 4+ sPa (1a)
to
dmb
— _gb—a 1b
i i (1b)

Eq. (1a) describes the balance of dissolved species, m{, at pore i. The first term on its right-hand side accounts for the mass
exchange between the wetting phase in pore i and that in the N; neighboring pores; four in Fig. 1. The second term, Si?_’“,
is the rate at which the bubble in pore i dissolves into the wetting phase. Eq. (1b) describes the balance of bubble mass,
m? , in pore i. For pores that contain no bubbles, or whose bubbles have dissolved completely, we impose only Eq. (1a) with

b_) _ . . . . .
${7%=0, i, Eq. (1b) is discarded. We next write Eqgs. (1a) and (1b) as follows:

N.
d N DnAii(ci —¢i) N
o [Ve = V)a] =) ——F—— 57 (2a)
j=1 Y
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Fig. 2. (a) Typical P, vs. V), dependence for a trapped bubble. The plot corresponds to Eq. (4) with n =0.2 and a = 8. The yellow dot marks Vj, = V..
(b) Plot of (dP./dVp)~" vs. V}, corresponding to (a). Note the discontinuity at V}, = V.

1 dvy,

— = _gb—a 2b
Vim dt ! (2b)

where we have expressed mf? and m{ in terms of bubble volumes and dissolved concentrations. Specifically, ¢; is the con-
centration at pore i, ¢; the concentration at pore j, Vp, the molar volume of the bubbles, and D;, the molecular diffusion
coefficient of the dissolved species. Note that in Eq. (2b), we have made use of the incompressibility assumption of the
non-wetting phase (Section 2).

Eq. (2) consists of two coupled unknowns per pore: ¢; and Vy;. The coupling is established by the local thermodynamic
equilibrium assumption stated in Section 2. Mathematically, this means the chemical potentials of the bubble and the
dissolved species are equal at each pore, leading to [18]:

ﬂ Pci Vim

n—= 3
Co RT 3)
where ¢, is a reference concentration, P.; the capillary pressure of the bubble in pore i, R the universal gas constant, and
T temperature (assumed constant). See Xu et al. [18] for details of Eq. (3).
In previous works [13,17,18], we showed P to be a non-monotonic function of Vp;. Here, this relationship is captured
by the following equation and plotted in Fig. 2a:

voN\1/3 )
Pt (et if vy, < Ve,
P. = i b n (4)
! min V=V :
PIM (14+apimyl) Vs, > Ve

In Eq. (4), V; is called the critical bubble volume at pore i. P?}"” is the capillary pressure associated with V. At Vp; =V,
the bubble’s shape corresponds to that of the largest inscribed sphere in pore i. Parameters n and a are empirical constants
that control the shape of the P.-V. curve for Vy; > V; (see Fig. 2a); here n = 0.2 and a = 8. This branch of the P.-V.
function depends on the pore shape. When V;; < V., the bubble is spherical and does not touch the solid walls of the
pore. As Vy; increases towards V., P.; decreases monotonically as shown in Fig. 2a. At Vp; = V¢, P is at its minimum
and equal to Pg}i”. For Vp; larger than V, the bubble deforms as it squeezes further into small crevices of the pore. Since
we assumed in Section 2 that bubbles span no more than one pore, Eq. (4) is formulated such that as Vj; — V; we obtain
P — oc. In reality, however, P is bounded from above by the smallest capillary entry pressure of the throats connected
to pore i. Therefore, the proposed form of Eq. (4) implicitly assumes that all throats have a very large entry pressure.

In its current form, Eq. (2) is unsolvable because Sf’”“ is unknown. To render Eq. (2) solvable, we eliminate S?”“ by
adding Eqgs. (2a) and (2b) to obtain:

\A
? n (L B c,-)dvbi _ Z D Ajj(cj —cp) 5)
t Vibm dt Lij

(Vp; — Vb))
j=1

Moreover, to arrive at an equation purely in terms of ¢; (not Vj;), we use Eq. (3) to express dVp;/dt in terms of dc;/dt by
applying the chain rule:

dVy, 1 RT (dP.\"'dc
dt ¢ Vpm \dVp dt
Substituting Eq. (6) into Eq. (5), the final form of the PNM equations is obtained:

(6)

i
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N.
dei <~ DmAij(cj —ci)
M(ci) — = J v 7
g =2 » (7a)
j=1
1 1 RT [dP.\ !
M(ci) = (Vp, _Vbi)—"_(V—m_Ci)C_iV—[,m(dV;)- (7b)
1

We write Eq. (7a) for all the pores in the network and obtain a system of nonlinear ordinary differential equations (ODEs)
in terms of the concentrations c;. The multiplier M(c;), given by Eq. (7b), is called the mass matrix. To solve Eq. (7), we use
the Newton-Raphson method, but find that a naive application results in frequent instabilities and divergence. The reason
is that M(c;) degenerates at two points, which must be handled with care: (1) at Vy; =0, where M(c;) = Vp;, and (2) at
Vi = Vi, where M(c;) is discontinuous. The first case corresponds to an empty pore with no bubbles, and the second to a
bubble with its P¢; at a minimum. The discontinuity in M(c;) at V}; = V,; is due to the discontinuity in (dPc;/dVp;)~!, as
shown by Fig. 2b. In the next section, we detail a fully implicit algorithm that solves Eq. (7) robustly and efficiently without
incurring instabilities or divergence.

3.2. Fully implicit algorithm

Here, we propose a fully implicit algorithm to solve Eq. (7). While other (e.g., sequential) solvers of Eq. (7) may seem,
at first glance, to be reasonable alternatives, we show in Section 6.4 that they have important drawbacks. Because Eq. (7)
is nonlinear, we proceed by defining the following residual equations, in which the time derivative of Eq. (7) is discretized
with a backward Euler scheme:

mk_en=1 N opp At - b
k ks Ci G mAij
T T 52
j=1 Y
1 1 RT 1
nky n,k—1 n,k
l (m)i

In Eq. (8), &t is the time step, and superscripts n and k denote the time step index and the Newton iteration index, respec-
tively. We next assemble the residual equations, Rif, of all pores into one vector:

R¥=[R¥In,x1=0 9)

where N is the total number of pores in the network. Eq. (9) constitutes a nonlinear system of equations that we solve
using a modified Newton-Raphson method. At each time step n, the unknowns are the pore concentrations c?’k, which are

highlighted with bold font in Eq. (8). Notice the variables ngk_l and (dP. /dVb)';’k_l are evaluated at the previous iteration,
k-1, and are therefore known. The specific form of Eq. (8) was determined after several failed attempts and proved to be
especially robust. The modified Newton scheme for solving Eq. (9) is detailed in Algorithm 1.

Algorithm 1 consists of a Newton loop nested inside a time loop. The initial guess for the Newton loop is set to ¢!,
which corresponds to the bubble volume V,g’_]. For brevity, pore indices (e.g., i in c?‘l) are omitted from Algorithm 1. Inside
the Newton loop, a trial concentration, c*, is first computed. The corresponding trial bubble volume, V", is obtained from
Algorithm 2. In Algorithm 2, we first use ¢* and Eq. (3) to compute P¢, and then use Eq. (4) to compute V. But since the
P~V function in Eq. (4) consists of two branches, we must choose which branch to use. To make the decision, we compare
the initial guess for the bubble volume, V,';‘O, to the critical volume, V.. We pause here to note that in Algorithm 1, V,;"O

plays the role of an anchor (or reference volume) around which Eq. (8a) is linearized. Vg’o is also used to detect discrete
events, such as the vanishing of bubbles or the crossing of critical volumes, V., as discussed below.

After the trial concentration ¢* and the trial bubble volume V; are computed, a series of checks are performed to
determine whether they should be accepted as the next Newton iterate or not. The first check compares V to VE‘O, and
if the difference is larger than gy (= 1072 Vp here) for any bubble, it is determined that ripening is evolving too rapidly.
The time step is therefore halved and the Newton loop restarted. Similarly, if the difference between V to Vg'o is larger
than &; (=1078 Vp, here) and V' crosses the critical volume V. (see Fig. 2a) for any bubble, the time step is halved and the
Newton loop restarted. Trial-and-error suggested & must be chosen smaller than €); because instabilities are more likely
to occur when bubbles cross V.. We next check if V; is smaller than a minimum threshold Vl’)“i” (=103 Vp here) for any
bubble. If so, the bubble is determined to have dissolved completely and the pore containing it is labelled as “empty”. Recall
empty pores have a mass matrix M(c;) = V ;. Moreover, we set both the trial V} and anchor Vg‘o volumes of the bubble to
zero. Lastly, we check if any bubbles cross V. but not faster than &., in which case the anchor volume Vg‘o of the bubble is
set equal to V. This last step is key for numerical stability.

After the above checks, and provided the Newton loop has not restarted, V; and c* are accepted as the next Newton
iterate. Iterations are repeated until the residual norm, ||R¥||s, or its value relative to that of the initial guess, |R¥|lso/IIR?[lcos

5



Y. Mehmani and K. Xu Journal of Computational Physics 457 (2022) 111041

Algorithm 1 Fully implicit pore-network model of Ostwald ripening.

time =0
Dorn=1,...,N [time loop]
cn,0= cn—l
Vbn,O = Vbn—l
Dok=1,...., K, [Newton loop]
[RX, J¥] = Residual (c**!, &¢) [compute residual and Jacobian, from Eq.8]
¢’ =kl _ (Jky1 Rk [compute trial concentration]

V" = C2Vb_mapping (c*, V") [compute trial bubble volume, from Algorithm 2]

Set the following flags for each bubble separately
If V,»0# 0 and |V}," - ¥, > ¢y, then flag,, = 1, else flag,; =0 [check if bubble changes volume faster than )]

If V,* < Vi or V0 < V" then flag, = 1, else flag, = 0 [check if bubble vanishes]
If (V" - V)(V0 - V) <0, then flag. = 1, else flag. = 0 [check if bubble crosses critical point]
If flag= 1 and |V," - V9| > ¢, then flag., = 1, else flag.,, =0  [check if bubble crosses critical volume faster than &_]
If flag,, = 1 or flag,, = 1 [if any bubble changes volume too rapidly, halve the time step and restart Newton]
ot=0t/2
restart Newton loop
End if
If flag, = 1 [if any bubble vanishes, set its volume to zero]
Vbn,O =0
Vb‘ =0
End if
If flag. = 1, then V,»0=V," [if any bubble crosses the critical point, set its guess (or anchor) volume to trial volume]
k=" [accept the trial concentration]
vk =" [accept the trial bubble volume]

error, = [R¥|l,
error; = R4/ [R%.
If error, < tol, or error; < tol,, then exit Newton loop
End do [Newton loop]
time = time + 3t
If |V,»k _ V9 <, for all bubbles, then Jt =2 Jt [if all bubble volumes change too slowly, double the time step]
End do [time loopl

Algorithm 2 C2Vb_mapping.

Inputs: ¢*, V0
Output: V"
Compute P,” using Eq.3 by setting c;=c"
If Vb n,0 < Vc

Compute V," using the first branch of Eq.4
Else

Compute V," using the second branch of Eq.4
End if

fall below the prescribed tolerances tol, = 1071 and tol;, = 1075, respectively. Trial-and-error suggested it is useful to
perform a minimum number of iterations (10 here) regardless of what the error is. The reason is that when the time step
is too small, the initial guess can satisfy one of the above tolerances, causing the Newton loop to exit prematurely. After the
Newton iterations converge, Algorithm 1 checks if the difference between the converged V[; and V,':’O is smaller than &,
(= ]O‘4Vp here) for all pores. If so, it is determined that ripening is evolving too slowly, and the time step is doubled. Note
that &, must be smaller than &y, otherwise §t flip-flops between a large and a small value.

The above discussion shows that Algorithm 1 employs adaptive time stepping, which significantly reduces the computa-
tional cost of the PNM. The reason is that Ostwald ripening in porous media consists of two distinct stages: early periods of
very rapid change, such as when bubbles vanish by dissolving completely into the wetting phase, followed by later periods
of extremely slow change, such as when bubbles undergo anti-coarsening [17] until they reach equilibrium. When attempt-
ing to resolve both dynamics with a single ét, we found the PNM to be either prohibitively slow (if §t is chosen small) or
numerically unstable (if §t is chosen large). Adaptive time stepping is therefore a practical necessity for simulating Ostwald
ripening in porous media.
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Fig. 3. Schematic of bubble equilibration theory. The P.-V} curves of five pores are shown. From small to large they are: pi, pa, p3, p4, and ps. At
equilibrium, the P¢; of all bubbles are equal (= P¢). Pores with P¢ in > P¢ are empty (pq and p2). The remaining pores, p3, ps, and ps are occupied
by bubbles with volumes Vj3, V4, and Vps (green). We note that the plotted P.-V} curves are for illustration purposes only. In a more realistic plot of
Eq. (4), the unstable limbs (Vp; < V;) of all pores would overlap, but they are shown as separated here for the sake of clarity in exposition.

4. Theory of bubble equilibration

We now present a theory that predicts the probability density function (PDF) of trapped bubble volumes at equilibrium,
g(Vy), given the pore-size distribution (PSD) of the porous material, f(Rp), and the initial saturation of the bubbles, Sj.
The theory is valid under the same assumptions as the PNM, stated in Section 2. The most important are: (1) the system is
closed, so Sy, is conserved; (2) pores are cubic in shape with side lengths equal to 2R,; and (3) each pore is occupied by at
most one bubble. In addition, the theory assumes that (4) pore sizes are spatially uncorrelated. Without loss of generality
and to simplify the presentation, we assume all pores are initially occupied by a bubble. If not, f(R,) must be interpreted
as the PSD of the occupied pores, not all pores. Our goal is to compute g(Vy) given f(Rp) and Sp.

At equilibrium, all bubbles have the same capillary pressure, PE. From this, a key observation follows that pores with
PQ“” > P¢ must be empty at equilibrium. Put differently, the only pores occupied by a bubble at equilibrium must be those
with P’c“i” < P¢. This is illustrated by Fig. 3, where the P.-V}, curves of five pores are plotted. In order of increasing size,
the pores are labelled p1, p2, p3, pa, and ps. Given the P¢ in Fig. 3 (dashed horizontal line), the pores p; and p, are
empty (red). The rest, ps, p4, and ps, are each occupied by a bubble with volumes V3, Vp4, and V5 (black); as annotated
by the green dots. These volumes can be easily computed from Eq. (4) by substituting P¢ for P.. Notice, however, that
only the second branch of Eq. (4) (i.e.,, Vp; > V) must be used to make such calculations, because the first branch is
thermodynamically unstable. Bubbles lying on the first branch either grow or shrink unabatedly when subjected to the
smallest of perturbations [13].

The above argument suggests that there is a critical pore size, Rf,r, for which the occupying bubble satisfies P, = P;"i” =
P¢. In other words, V, = V¢ holds and the bubble shape coincides with the maximal inscribed sphere in the pore. For
clarity, we have dropped the pore index i from this discussion. We thus have:

20
cr
Note that pores smaller than R;f are empty, and those larger than Rg are occupied by a bubble. To compute the equilibrium
volume of the bubbles, we invert the second branch of Eq. (4):

Vomvp o VYo an
(7o) " +a—1
Using the assumption that pores are cubic in shape, we have:
Vp=(@2Rp)° Vc=47R}/3 PI"=20/R, (12)
Since the total mass of bubbles is conserved, we can write the following equation:
oo o0
Sb/Nf(Rp)Vp(Rp)dRp =/Nf(Rp)Vb(Rp)dRp (13)
0 R

where N is the total number of pores. The integral on the left-hand side is equal to the total pore volume. This after
multiplication by S, yields the total bubble volume, which is the same as the integral on the right-hand side. Notice

7
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Table 1
Parameters used in the PNM to validate it
against microfluidic experiments.

Symbol Value Unit

Vim 24,200 cm?/mole

Dm 2.0 x 107 cm?/s

T 293 K

Co 7.94 x 1077 moles/cm?
o 254 dynes/cm

Eq. (13) makes the dependence of V), (Eq. 12) and V}, (Eq. 11) on R) explicit. Eq. (13) also assumes that bubbles have a
constant density during ripening and that the dissolved concentration in the wetting phase remains approximately constant.

Eq. (13) is an algebraic equation in terms of the unknown Rf,r. We solve it by substituting V;, from Eq. (4) and the
specific form of f(Rp) into Eq. (13), followed by using the bisection method. After computing Rg, Eq. (10) immediately
yields P¢. To compute g(Vj), we observe that:

Npg(Vp)dVy = Nf(Rp)dR)p (14)

must hold, where Ny, is the total number of bubbles at equilibrium. In general, N} differs from the initial number of bubbles,
N, because some bubbles may vanish during ripening. Both sides of Eq. (14) describe the total number of bubbles at
equilibrium trapped inside pores with sizes ranging between R, and R, + dRj. The right-hand side of Eq. (14) is valid for
Rp > Rg, based on the above discussion. Rearranging Eq. (14), we obtain the desired expression for g(Vp):

B dvp\" '/ N
g(Vp) = f(Rp) <E) <N—b) (15)
where
Nb=N/f(Rp)dRp (16)
RY

To summarize, given any PSD, f(Rjp), and bubble saturation, S, the equilibrium distribution of the bubble volumes,
g(Vp), can be obtained from Eq. (15). The support of g(V}), where Eq. (15) is non-zero, is Vj > Vb(Rff). To compute
Vb(R;’), from Eq. (11), and Np, from Eq. (16), we must solve Eq. (13) for Rg.

5. Results

In the following, we first validate the PNM of Section 3 against published microfluidic experiments, and then use the
PNM to validate the theory presented in Section 4 for different pore-size distributions, f(Rp), and bubble saturations, Sp.
We conclude by drawing a few useful insights on the rate (or kinetics) of equilibration as a function of the heterogeneity of
the porous medium.

5.1. Validation of PNM against microfluidic experiments

We compare the PNM against the Ostwald ripening experiments of Xu et al. [17], where an air-water system inside a
micromodel was considered. Air, in the form of trapped bubbles, is the non-wetting phase and water is the wetting phase.
Table 1 summarizes the parameters associated with these fluids, which are used in the PNM simulations. The micromodel
consists of a regular array of identical cylindrical posts (or grains), as shown in Fig. 1, sandwiched between two parallel
plates. Grains have a diameter of 165 pum and a depth of 26.4 um. At their narrowest cross-section, throats have a width of
35 pm and a depth of 14.7 um. The pore network corresponding to the micromodel consists of a 15 x 8 array of identical
pores, each connected to four neighboring pores (Fig. 1). A key difference between the PNM here and the micromodel
is that the pores are cubic in the PNM but shaped like pancakes (i.e., shallow depth) in the micromodel. To allow for a
one-to-one comparison, we compare the relative bubble volumes (Vj;/V ;) instead of the absolute volumes (V;). Moreover,
we establish an equivalence relation between the micromodel and the PNM such that their parameters satisfy the same
dimensionless equation. In Appendix A, we derive this relation rigorously and show that the PNM and the micromodel
become equivalent if the following condition holds:

(Pqe)  =(fe5e) (17
Lij dVb; /) py Lij AV, / oy
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Fig. 4. (a) Comparison of PDFs of bubble volumes obtained from the PNM (blue) versus microfluidic experiments [17] (red) at different times. (b) CDFs of
the same data. Bubble volumes, V}, are normalized by the pore volume, V.

In the micromodel, A;; =35 x 14.7 = 5.145 x 10% pm?, which is the area of the narrowest cross-section of each throat,
and Lj; =80 um, which is the average length of each throat; see Appendix B for a derivation of L;;. In Xu et al. [17],
the P.-V} function of each pore was measured experimentally (Fig. 1d therein), and dP./dVy; = om was shown to hold
for Vi > Vi; where o is the interfacial tension, and m = 1.6 x 10° cm~* a pore-shape dependent parameter. Assuming
the z-axis points in the out-of-plane direction, the projected area of each pore onto the xy-plane in the micromodel is
Api =1.862 x 10* pm?2. To parameterize the PNM, we first set Rpi = 68.23 pm, which yields the same Ap; and porosity
as the micromodel. We also set L;j = 80 um, identical to the micromodel. Next, we pick n =0.2 and a =8 for Eq. (4) as
they yield an approximately similar shape for the P.-V} function in the range Vp; > V. as that measured experimentally
[17]. For these choices of n and a, dP./dVy; ~ om holds where m = 3.0307 x 10 cm™* (see Appendix A). Plugging the
foregoing parameters of both the PNM and the micromodel into Eq. (17), we compute A;; =2.716 x 103 pm? for the cross-
sectional area of each throat in the PNM. With this value of A;j;, the PNM and the micromodel become equivalent and
temporal evolutions of Vj;/V,; can be compared. We also note that the detailed shape of the throats has previously been
shown [41,42] to be of secondary importance to diffusive mass transfer calculations in PNMs compared to the magnitude of
Aij/Lij.

jThje initial distribution of bubble volumes in the PNM was sampled from the experimentally measured initial distribution
(Fig. 3 in Xu et al. [17]). But given that there are only 120 pores in the network (the number of bubbles is even less),
one simulation is not sufficient for comparison because it would be dominated by sampling error. To obtain a statistically
converged solution, we therefore run 10 independent realizations with the PNM, each with a new sampling of the initial
bubble volumes. The individual realizations are then averaged and reported as the final PNM prediction. Fig. 4 compares
this prediction against the experiment. In Fig. 4a, we see that the PDF of bubble volumes at t = 0 hr (initial condition) is
the same for both the PNM and the experiment. At later times, namely t = 10, 50, and 120 hr, the PNM predictions (blue)
agree quite well with experimental measurements (red). The cumulative distribution functions (CDF) associated with Fig. 4a
are also plotted in Fig. 4b, showing a similarly good agreement. The main discrepancy is that, around ¢t = 50 hr, the PNM
approaches equilibrium a bit faster than the experiment. We think this is because the critical volume, V;, of the cubic pores
in the PNM (= 0.52V ;) differs from that of the pancake-shaped pores in the micromodel (% 0.6V ;). When t = 50 hr, some
bubbles are on the verge of vanishing, with volumes close to V. Because the P-V}; function in the micromodel is flatter
near Vp; = V; than in the PNM, the ripening kinetics are expected to be slower. We conclude by noting that no parameter
fitting of any sort was performed to obtain the PNM predictions of Fig. 4.

5.2. Validation of theory against PNM simulations

5.2.1. Simulation setup
Having validated the PNM, we now apply it to test the validity of the bubble equilibration theory developed in Section 4.
We confine ourselves to two pore-size distributions (PSDs): (1) uniform, and (2) reciprocal (or log-uniform). The uniform
distribution has the following form:
FRp) = W VRp € [RZ““, Rg‘“"] (18)
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Table 2
Parameters used in PNM to validate the bubble equilibration
theory.
Symbol Uniform Reciprocal Unit
Vim 135 135 cm? /mole
D 5.0x 10 50x 10 cm?/s
T 333 333 K
o 1.1x1073 1.1x 1073 moles/cm?
o 32 32 dynes/cm
Lij 4 %1072 3.68 cm
Aij 5.6 x 107° 1.58 x 107° cm?
(a) 104 (b) (c)
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Fig. 5. Example of how equilibrium is declared in the PNM simulations. The uniform network with Rp,; =4 and S, = 0.6 is considered. (a) Coefficient of
variation of P¢; versus time. Equilibrium is declared when CVp. < 0.01. (b) Initial distribution of P. (c) Final (or equilibrium) distribution of Pg;.

where R and RZ”” denote the maximum and minimum pore sizes, respectively. The reciprocal distribution, on the other
hand, has the form:

1
fRp) =

min pmax

We generate three networks with pore sizes drawn from the uniform distribution, Eq. (18). In order of increasing het-
erogeneity, they correspond to Rper = RF™/R}™ =2, 4, and 8, where Rpe is called the heterogeneity ratio. In all, we set

RZ”” =4 x 1073 cm. The networks are two-dimensional lattices, similar to Fig. 1, and consist of 100 x 100 arrays of pores.
In addition to the above three networks, we generate one network with pore sizes drawn from the reciprocal distribu-
tion, Eq. (19). This reciprocal network corresponds to Rpe = 54.6, which is ~7 times more heterogeneous than the most
heterogeneous network from the uniform distribution. Because the computational cost of the PNM grows with Rpe (see
Section 5.2.3), we use a 50 x 50 lattice as our reciprocal network.

In all the networks, only pore sizes vary spatially. Throats, by contrast, are set to have the same size. This allows isolating
the effect of heterogeneities due to the capillary pressures within pores from that of the diffusive transport between pores.
The latter has been shown [20] to occur over much shorter time scales, rendering this simplification of low consequence.
Another simplification, of much higher consequence, is that the heterogeneity in pore sizes is assumed to be spatially
uncorrelated. In Section 6.2, we discuss the impact of spatial correlation on Ostwald ripening, but the topic is outside
the scope of this paper. In each network, four initial bubble saturations are considered: S, = 0.2, 0.4, 0.6, and 0.8. This
results in a total of 16 PNM simulations (4 networks x 4 saturations). We initialize bubble volumes in each pore by setting
Vpi = SpVpi. Namely, all pores initially contain a bubble with a local saturation equal to Sp. In heterogeneous networks,
like the ones considered herein, ripening is driven primarily by differences in pore size (and thus capillary pressure). The
reason is that if Vy; is small, so is V}; (note Vp; < V), rendering the exact value of Vj; less important than that of Vp;.
This assertion becomes false in homogeneous networks, where V; is the same for all pores. Table 2 summarizes all the
parameters used in the PNM simulations.

All PNM simulations are run until capillary equilibrium is reached. The criterion for declaring equilibrium is defined as
the time at which the coefficient of variation (= standard deviation/mean) of the bubble capillary pressures, CVp., dips
below 1%. An example is shown in Fig. 5a for the uniform network with Ry, =4 and S, = 0.6. In Fig. 5b, we see that the
initial PDF of P; is quite wide, whereas the final (or equilibrium) PDF of P is a Dirac delta function. In other words, all
bubbles have converged to the same capillary pressure, P¢, at equilibrium.

5.2.2. Theory versus PNM simulations
Figs. 6-7 compare the equilibrium PDFs of bubble volumes, g(V}), obtained from the PNM simulations (blue bars) to
the theoretical predictions from Eq. (15) (red lines). Fig. 6 shows this comparison for the uniform networks (Eq. 18) and
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Fig. 6. Comparison of equilibrium bubble-volume distributions obtained from the PNM (blue bars) versus the theoretical predictions from Eq. (15) (red line)
for different Rper and Sp. The initial bubble-volume distribution is shown by the green line. The plots correspond to networks generated from the uniform
pore-size distribution (Eq. 18).

Fig. 7 for the reciprocal network (Eq. 19). The initial bubble-volume distributions are also plotted (green lines) for reference.
Notice the y-axis of Fig. 7 has a logarithmic scale because the reciprocal distribution has a wide probability range.

Figs. 6-7 show that the theoretical predictions from Eq. (15) agree very well with the PNM simulations for all the
PSDs, Rpet, and S, considered. The agreement is especially good for S, > 0.4. This is not a coincidence. An initial bubble
saturation of S, = /6 ~ 0.52 corresponds to a bubble volume, Vp;, that is equal to the critical volume, V;, of a cubic pore.
When S, = 0.6 or 0.8, the initial volumes of all bubbles are larger than V. and thus Ostwald ripening proceeds in a stable
fashion, driven almost entirely by differences in pore size. We call this global ripening. But when S, = 0.2 or 0.4, all bubbles
are initially smaller than V.;, meaning they are spherical. Ostwald ripening is less stable in this case, at least during early
times, and driven mainly by close-range interactions between adjacent bubbles. In this case, it matters who your neighbor
is, because small differences in bubble size can amplify quickly and determine which bubbles survive and which ones do
not. We call this local ripening. At late times, local ripening transitions into global ripening because all surviving bubbles are
larger than V.
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Fig. 7. Caption same as Fig. 6 but for the network generated from the reciprocal pore-size distribution (Eq. 19).

Figs. 6-7 suggest that the theory of Section 4 is most accurate when applied to global ripening. But the predictions for
local ripening are still acceptable from an engineering standpoint. This is because the theory captures the approximate range
(or support) of g(Vp) quite well, just not its shape. More theoretical work is needed to accurately predict the shape of
g(Vp) during local ripening. It is noteworthy that, compared to the PNM simulations that require between 4 to 48 hours of
computations on a single core, predictions from Eq. (15) take under a second to obtain.

5.2.3. Spatial distribution of bubbles

Figs. 8-10 depict the spatial distributions of bubbles at initial and equilibrium conditions for different S, in networks
with uniform PSD. Similar plots were obtained for the reciprocal network, and thus omitted for brevity. Bubbles are de-
picted as circles with diameters proportional to their volume (scaled for better visualization), even though their actual
shapes may not be spherical. In all cases, bubbles are spatially distributed more sparsely at equilibrium than at the initial
condition. Moreover, bubbles that are small initially tend to disappear by being absorbed by bubbles that are large initially.
In Figs. 6-7, the disappearance of small bubbles manifests itself as a minimum threshold below which the equilibrium PDF
of bubble volumes is zero. Another key observation from Figs. 8-10 is that as Sj, decreases, or as Rp; increases, the average
distance between bubbles at equilibrium grows. The trend with respect to S, is easy to understand, as low saturations mean
fewer bubbles, and thus sparser spatial distributions at equilibrium. The trend with respect to Rpe, is also straightforward,
but more interesting. Bubbles in smaller pores (high P.;) are more likely to vanish than those in larger pores (low P.;), and
the total number of disappearing bubbles increases with Ry, because the P.i-Vy; relation in Eq. (4) depends nonlinearly on
Rpi. An important implication of this is that Ostwald ripening in heterogeneous porous media is a lot slower than in homo-
geneous media, because the characteristic time for diffusion scales with the square of the average distance between bubbles.
In the next section, we provide additional data to support this observation. Another implication is that the computational
cost of PNM simulations increases with Rp,; because many more time steps are required to reach equilibrium.

5.2.4. Ripening kinetics versus heterogeneity

How long does it take for bubbles to reach equilibrium? Suppose T¢ denotes this time. And how does T¢ depend on S,
and Rpe:? Fig. 11 plots the total number of bubbles vanished, N, versus time for the networks with a uniform PSD. Similar
plots were obtained for the reciprocal network, and thus omitted for brevity. For each Rpe, the results corresponding to
different Sj, are superimposed. N, is a good indicator of T® because the time at which N, plateaus is roughly equal to T¢.
Figs. 11a-c show that the value of N, at equilibrium, N}'%, is inversely proportional to Sj,. This is not surprising because the
lower the bubble saturation, the more space occupied pores have for absorbing smaller bubbles. The surprising observation
lies in that T€ is nearly independent of Sj. This is better illustrated by Figs. 11d-f, where N, is normalized by its maximum
value, N'®, at equilibrium. For fixed Ry, we see that the graphs associated with the different S}, collapse on top of each
other. This implies bubble saturation has little impact on the kinetics of Ostwald ripening. But unlike Sy, Rpe¢ has a sizable
impact on the ripening rate. Figs. 11d-f show that T¢ increases with Ry, consistent with previous observations in Figs. 8-10
that the average distance between the bubbles increases with Rpe. The implications of this result in the context of geologic
CO, storage are discussed in Section 6.3.
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Fig. 8. Initial versus equilibrium (or final) spatial distribution of bubbles for the uniform network with Rp. = 2. Notice bubbles residing in the smallest
pores (Rp < Rg) vanish as the system approaches equilibrium, and that the average distance between equilibrated bubbles is inversely proportional to Sp.
For simplicity, bubbles are visualized as circles.
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Fig. 9. Initial versus equilibrium (or final) spatial distribution of bubbles for the uniform network with Ry, = 4. Caption similar to Fig. 8, except note that
the average distance between equilibrated bubbles also increases with the heterogeneity ratio (Rper).

6. Discussion
6.1. Generalizations of the PNM

6.1.1. Non-zero contact angles

In this work, we assumed all bubbles are perfectly non-wetting and correspond to a contact angle of zero. The proposed
PNM, however, is also applicable to non-zero contact angles. The only part of the algorithm that needs modification is the
P¢i-Vp; function given by Eq. (4). P.i-Vp; functions corresponding to non-zero contact angles tend to be more complex
and discontinuous [13] at Vjp; = V¢, unlike Eq. (4) depicted by Fig. 2. However, they can be computed offline using a direct
numerical simulation (DNS) approach, such as the volume of fluid method (VOF) [43], and subsequently inputted into the
PNM without modifying either Algorithms 1 or 2. A theoretical analysis of the general form of P-V}; functions for non-zero
contact angles was recently reported by the authors [13].
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Fig. 10. Initial versus equilibrium (or final) spatial distribution of bubbles for the uniform network with Rp; = 8. Caption similar to Fig. 8. Note that the
average distance between equilibrated bubbles also increases with the heterogeneity ratio (Rpet).
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Fig. 11. (a-c) Evolution of the number of bubbles vanished, Ny, versus time for different Rp,; in the uniform networks. (d-f) Same as the top row but with
the y-axis normalized to one. Ripening kinetics is slower when Ry, is larger.

6.1.2. Bubbles spanning multiple pores
Another assumption in our PNM is that each bubble spans no more than one pore. In many applications of practical

interest (e.g., geologic CO, storage), bubbles do span multiple pores and even the whole sample [9-12] rendering the
assumption invalid. But the modifications required to account for such bubbles (or ganglia) are non-trivial. Two ingredients
are needed: (1) A P-V}; function that generalizes Eq. (4) to bubbles spanning multiple pores; and (2) a subroutine that
tracks the bubble’s invasion of new pores and its retraction from previously occupied pores. The first step was recently
addressed by the authors [13] for simple 2D pores. The second step is pending. The results of this paper should therefore be
construed as applying to high aspect-ratio porous media, where throats are much smaller in size than pores. Small throats
impose a high capillary entry pressure on bubbles such that they are confined predominantly to one pore. High entry
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pressures also correspond to throats that have a very irregular cross section and, thus, a small inscribed circle. We remark
that throats herein are characterized by two parameters, L;; and Aj;, that are decoupled from the cross-sectional shape of
the throats, about which no assumption was made. Further discussion on throat shapes, their relation to the “one-pore-per-
bubble” assumption, and the reason the latter does not affect the simulations of Section 5 is provided in a Supplementary
material.

6.1.3. Vanishingly small bubbles

In the PNM, bubbles smaller than the critical volume, Vj < V, are assumed to be spherical, with capillary pressures, P,
described by the first branch of Eq. (4). This equation, coupled with the thermodynamic equilibrium condition in Eq. (3),
predicts that as a bubble vanishes, V;, — 0, P — 00, and ¢ — oo hold. But this is unphysical, because classical homogeneous
nucleation theory [44,45] says that there is a minimum V};, below which bubbles become unstable and collapse (or dissolve
immediately). At this size, V}, Pc, and c are finite and non-zero. Despite this conflict, the absence of a minimum threshold
for V, does not pose a serious limitation for the Ostwald ripening simulations herein. The reason is that the time scale
associated with the vanishing of below-critical bubbles is much smaller than that of the evolution of above-critical bubbles.
As a result, while some error is introduced by letting V,, — 0 in the PNM, the magnitude of the error is likely negligible. If
not, it would be straightforward to introduce a nucleation cutoff for V,, where bubbles below the cutoff are removed and
the concentration within their confining pores updated to ensure mass conservation. Finally, if vanishing bubbles satisfying
Vi < V¢ are not spherical, and instead retract into cavities and crevices present in the pore walls, then the first branch of
Eq. (4) must be modified, e.g., such that P, is finite as V;, — 0 (ref. heterogeneous nucleation theory [44]).

6.2. Applicability of the bubble equilibration theory

Figs. 6-7 show that the bubble equilibration theory of Section 4 is quite accurate in predicting equilibrium distributions
of bubble volumes for different pore-size distributions, heterogeneities, and saturations under assumptions identical to those
of the PNM. From a practical standpoint, this has significant value because the PSD of a porous material can be readily mea-
sured in the lab via instruments such as mercury porosimetry [46], nuclear magnetic resonance [47], or nitrogen sorption
[48]. Bubble saturations can also be measured using core floods [49] (in rocks) or X-ray @ CT imaging [50,51]. The theory
can use such data as inputs to provide a rapid assessment of the equilibrium state of trapped bubbles in different porous
microstructures.

What are the limitations of the theory? For one, the quality of the predictions deteriorates as bubble saturations fall
below the critical saturation (= V./Vp = 0.52); namely S, =0.2 and 0.4 in Figs. 6-7. While the approximate range of
the bubble volumes (i.e., support of g(Vp) in Figs. 6-7) is accurately captured, the actual shape of the distribution is not.
In practice, this does not pose a serious problem for two reasons: (1) bubbles in the PNM simulations of Figs. 6-7 were
initialized such that V},/V, = S,. This means when S, < 0.52, all bubbles are initially below critical, V < V. The initial
stage of ripening is therefore unstable, and quickly transitions into a state where all surviving bubbles are above critical,
Vp > V.. These bubbles then spend the majority of their lifetime evolving slowly (or undergoing anti-coarsening). As noted
in Section 4, if we substitute for f(Rp) the distribution of the pores occupied by the surviving above-critical bubbles, instead of
the distribution of all pores as was done in Figs. 6-7, then the theory is expected to produce much more accurate predictions
for S, < 0.52 than those in Figs. 6-7. (2) Experimental evidence [52] shows that, at least after fluid-fluid displacements,
trapped bubbles are rarely below critical. This is true even when the saturation of trapped bubbles is small (e.g., S, =0.2).
The explanation is that the capillary pressure of a trapped bubble tends to be proportional to the smallest capillary entry
pressure of the neighboring throats connected to the confining pore. For typical pore shapes, this translates into bubbles that
are larger than the maximum inscribed sphere of the pore (i.e., V, > V). The below-critical initializations of the bubbles
in Figs. 6-7 (i.e., Sp < 0.52), therefore, serve as a more stringent test of the PNM than the above-critical initial conditions
typically encountered in applications such as CO, storage.

The second limitation of the theory is that it assumes pore sizes are spatially uncorrelated. This limitation is more serious
and generally false for geologic porous media [53]. The clustering of similarly-sized pores, and thus trapped bubbles, next
to one another creates a “shielding” effect [54] that protects bubbles inside the cluster from being absorbed by bubbles on
the outside. The result is a slowing down of the ripening dynamics and a potential alteration of the ripening trajectory and
its equilibrium state. Efforts are underway to quantify this effect in a subsequent paper.

6.3. Implications to geologic CO, sequestration

Fig. 11 suggests that it might be safer to store CO, in rocks that are more heterogeneous, not less. This is because it takes
longer for trapped bubbles in heterogeneous rocks to reach equilibrium through Ostwald ripening, at which time they may
become large enough to mobilize (or leak) by buoyancy. Slower equilibration can potentially suppress buoyant mobilization
by allowing other mechanisms, such as mineral trapping [27], to permanently trap the CO,. The catch, however, is that more
heterogeneous rocks tend to have: (1) more pathways for the CO; to leak through (e.g., fractures); and (2) smaller storage
capacity, as the injected CO; displaces the in-situ brine unevenly. In selecting storage sites, one must therefore consider all
competing factors, among which slowdown of Ostwald ripening is just one aspect.
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6.4. Other PNM formulations and their drawbacks

The fully implicit PNM of Section 3 was developed after two alternative but unsuccessful formulations. In the following,
we present both alternatives and draw similarities with recently proposed PNMs in the literature. The drawbacks of each
formulation are discussed.

6.4.1. Sequential formulation
The starting point for the sequential formulation is Eq. (2a), which can be written as:

N.
dc;j dVp, ! DmAij(Cj —Ci) b
Vo, —Vp.)— —¢j - = L 20
Vo = Vo) 5y —Cig, 12—1 L +57 (20)

If we assume the accumulation of dissolved species in pores due to changes in bubble volume is much smaller than due
to changes in dissolved concentration, then the underlined term of Eq. (20) can be neglected. The resulting equation can
be subsequently solved with an operator-split approach, which is justified by the fact that the rate of mass transfer across
each bubble’s interface, S?ﬁ“, is much larger than molecular diffusion across each throat; consistent with assumption 6 of
Section 2. Performing the split, we obtain two equations that must be solved in sequence:

dc;j DmAU(C] Ci)

Vo = Vo) _Z (21a)
dc;

(Vp — vbi)?; = §h=a (21b)

Eq. (21b) is modified by substituting Eq. (2b) for S:?_)”:

% v )dCi_ 1 dVp, (22)
R AT

Since the underlined term in Eq. (20) was assumed negligible, we can write Eq. (22) as
v v+ 2ol (23)
dt bi bt Vibm -

which says that the total mass of the non-wetting phase (= dissolved + bubble) inside pore i, ml? , remains constant when
we solve Eq. (21b). Hence:

Vb, t
(Vp; — Vpei + =m; (24)
me
The sequential PNM can thus be summarized as consisting of two steps: (1) solve:
n—1 Ni ck
c DmA ij (C )

cr—
V,—Vn_l i i _ 25
(V= Vi H (25)

for ¢ implicitly, which is just a linear diffusion equation. And (2) use c; to solve:

n n—1

V i t n—1y . Vbi
(VPi — Vbl)C =+ V—m =m; = (VPi — Vb,‘ )Ci + V—bm (263)
C? Pc,»(Vl'}.)me
In <L — b Thm (26b)

Co RT

simultaneously for ¢} and V. Eqgs. (26a-b) are algebraic, not differential, equations that can be solved for each pore in-
dependently. Namely, they are decoupled with respect to the index i. Note that P;(V},) in Eq. (26b) is computed using
Eq. (4).

The drawback of the sequential algorithm is that it is very slow because the operator split imposes an upperbound on
the time step, which if surpassed, renders the algorithm numerically unstable. Moreover, it was found that the original
assumption that c;dVy;/dt is negligible is likely invalid when bubbles are in the process of vanishing due to complete
dissolution. These events are very rapid and result in large values of dVy;/dt.
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6.4.2. Volume-balance formulation
The starting point for the volume-balance formulation is again Eq. (2a). But here, the left-hand side, or the accumulation,
term is neglected to obtain:

Ni

DimAij(cj — ¢
Z m 1](1 i) —i—S?_)a:O (27)
° Lij
j=1
The implicit assumption behind Eq. (27) is that molecular diffusion is much faster than the rate at which bubbles change
volume or dissolved species accumulate in pores. Any amount of dissolved concentration is immediately transported away
from the bubble. As a result, the concentration field is always in a quasi-steady state. We proceed by combining Eq. (27)
with Eq. (2b) to obtain:

1 dvy, DinAjj
Vpm dt 2 A (28)

where we have introduced the shorthand notation Ajje=e; - e;.
The chemical potential of a bubble, 1p;, and that of the surrounding wetting phase, (iq;, in pore i obeys the following
thermodynamic relations [18]:

Mb; = Mg + Vom P, (29a)
[tg; = 10+ RTIn E—' (29b)
o)

where () and p are constants corresponding to some reference condition. Taking the differentials of Eqgs. (29a) and (29b)
across each throat, we obtain:

Ajjitp = VimAijPc (30a)
RT

Ajjlhg = ?AUC (30b)
1

where we have treated “A;;” as a continuous differential. Substituting Eq. (30b) into Eq. (28), we get:

Ni

1 dVy,  ¢iDp Ajj
— b dEm N D, 31
Vpm dt  RT £= M (31)

Now, because each bubble is in local equilibrium with its surrounding wetting phase (assumption 6 of Section 2), we
must have fLqi = (pi OF Ajjilq = Ajjp. Substituting this relation and Eq. (30a) into Eq. (31), we obtain the following final
equation:

N;
dVy,  ciDmVp, Aij

—i— 0 bm iiP 32
dt RT Lj ¢ (32)

j=1

The volume-balance formulation consists of solving Eq. (32) for the unknowns Vj;. The driving force, on the right-
hand side, is the capillary pressure difference between bubbles in adjacent pores, which in turn depends on the bubble
volumes through Eq. (4). While the volume-balance formulation is much faster to solve than the sequential formulation of
Section 6.4.1, it has two major drawbacks. First, it breaks down if even a single bubble vanishes due to complete dissolution.
The reason is Eq. (32) implicitly assumes that all neighboring pores of pore i are occupied by a bubble. If a neighboring
pore empties due to complete dissolution of its occupying bubble, then A;; and L;; become ill-defined and must somehow
account for the diffusive mass transfer between bubbles that are two or more pores apart. The second drawback of the
volume-balance formulation is that it may be physically invalid to neglect the left-hand term of Eq. (2a), as we did to
obtain Eq. (27), when bubbles are in the process of vanishing due to complete dissolution. Such events may occur at rates
that are faster or comparable in magnitude to diffusive mass transport through throats.

The PNM proposed by de Chalendar et al. [20] is a variant of the volume-balance formulation outlined above. There,
the first drawback is partially averted by performing a graph search to detect “diffusion paths” between remote bubbles.
The approach works but is heuristic, because such paths are neither unique nor amenable to approximation as throats.
An algorithmic side effect of the graph search, as correctly noted by the authors, is that the computational cost grows
exponentially as the average distance between the bubbles increases with time. A more rigorous approach, adopted by
the PNM of Section 3, is to solve a diffusion equation whose cost is independent of bubble spacing. The second drawback
remains fundamental to all volume-balance methods including [20].
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7. Conclusion
The following summarizes our main findings:

e A pore-network model (PNM) for simulating Ostwald ripening of trapped, partially miscible bubbles inside a porous
medium is developed and validated against published microfluidic experiments. The algorithm is fully implicit and
employs adaptive time stepping making it both computationally efficient and numerically accurate.

e A theory for analytically predicting the equilibrium distribution (PDF) of trapped bubble volumes is developed and
validated against PNM simulations for porous media that have different pore-size distributions, heterogeneities, and
bubble saturations. Predictions are most accurate when bubbles are initially larger than the maximum inscribed spheres
of the occupied pores (Vj, > V). The theory, however, is limited to heterogeneities that are spatially uncorrelated.

e Ostwald ripening is slower in porous materials that are more heterogeneous. This is because the average distance
between bubbles increases as the system approaches equilibrium, increasing the time-scale over which molecular dif-
fusion operates. The observation should be taken into account when selecting geologic CO, storage sites but must also
be weighed against other competing interests such as high storage capacity and seal integrity.
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Appendix A. Equivalence of Ostwald ripening in networks with different geometries

We establish a scaling relationship that allows Ostwald ripening predictions from the PNM to be compared against
the microfluidic experiments of Xu et al. [17] in Section 5.1. More generally, the scaling established here allows comparing
ripening dynamics between any two pore networks that have different geometries (i.e., pore/throat shapes and sizes) but the
same topology (or connectivity) and operating fluids. The starting point is Eq. (32), which corresponds to the volume-balance
formulation of Section 6.4.2. The reason for this choice is its simplicity, over Eq. (7), and prior success in establishing other
scalings between various experiments [17]; although Eq. (32) is more general than those previous formulations. Dividing
both sides of Eq. (32) by Vp;, we obtain:

N;
d (Vp, _ G Dy V2 N Aj
a b; _ ci¥m bm 1 Al] P, (A1)
dt Lij Vo,

Noticing P; is a function of Vp;, through Eq. (4), we apply the chain rule to A;jP. and obtain:

d /Vy\ ciDuV2 Noas 4P Vy
— (i) — _'7m"bm Z y Ci Aij (i) (A.2)
dt RT <LV, d(v_) Vi,

Pi

Eliminating Vp; from the right-hand side, we arrive at the final form:

d [V CD A;; dP V.
Vo) _ GOm¥ b'" Z “oG ) Ay (2 (A3)

dt Lij dVy, Vo,
Notice Eq. (A.3) is a nonlinear system in terms of the dimensionless unknown Vj;/Vp;, i.e., relative bubble volume.

The left-hand side has units of 1/time. On the right-hand side, the term outside the summation depends solely on fluid
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Fig. B.1. Schematic of minimum and maximum throat lengths in the micromodel of Section 5.1.

properties, not geometry, which are identical between the PNM and the experiment. This leaves only the first term inside
the summation, which must be equal between the PNM and the experiment to render their ripening dynamics comparable:

<ﬁ ‘“’ff) _ (ﬂ qu) (A4)
Lij dVb; /) py Lij AV, / oy

Eq. (A4) is identical to Eq. (17). In Section 5.1, we use Eq. (A.4) to compute A;; for the PNM. We mention there that
dP:i/dVp; =~ om holds for Vy; > V in both the PNM and the experiment. Substituting this relation into Eq. (A.4), we
obtain:

<Aijm> _ (A,jﬁl) (A.S)
Lij J om Lij Jexp

The experimental parameters on the right-hand side of Eq. (A.5) are known [17]: m =1.6 x 10° cm™%, Lij =80 pm, and
Ajj =5.145 x 102 pm?. On the left-hand side, the PNM value for L;j is also 80 um. To compute A;j;, we only need the m
value corresponding to Eq. (4) with n =0.2 and a = 8. Since Eq. (4) is nonlinear in the range Vj; > V., we compute an
average m using the following secant construction:

1 P;;(0.9Vp,) — P, (V)

m = — A.6
M= 0.9V, — (A.6)

1

Eq. (A.6) yields m = 3.0307 x 108 cm™*, which if plugged into Eq. (A.5) yields A;j =2.716 x 10° um? for the cross-sectional
area of each throat in the PNM.

Appendix B. Selecting the throat length in Section 5.1
Fig. B.1 shows a plane view of a small portion of the micromodel of Section 5.1. The disk (or grain) diameter and throat
width are annotated. The inscribed circle between four adjacent disks is depicted in gray. Throats are defined as the space

between two inscribed circles and two sandwiching grains. As seen from Fig. B.1, the throat length is not uniform. At its
maximum, the length is L}}“’" =116.67 pm, and at its minimum, it is Lg?’” =41.08 pum. Here, we take the average, yielding

Lij= (L™ + LZ.”")/Z ~ 80 um, and use it in both the micromodel and the PNM calculations.

Appendix C. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jcp.2022.111041.

References

[1] A. Mehmani, S. Kelly, C. Torres-Verdin, M. Balhoff, Capillary trapping following imbibition in porous media: microfluidic quantification of the impact of
pore-scale surface roughness, Water Resour. Res. 55 (2019) 9905-9925.

19


https://doi.org/10.1016/j.jcp.2022.111041
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC4CA4238A0B923820DCC509A6F75849Bs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC4CA4238A0B923820DCC509A6F75849Bs1

Y. Mehmani and K. Xu Journal of Computational Physics 457 (2022) 111041

[2] H. Geistlinger, . Ataei-Dadavi, S. Mohammadian, H. Vogel, The impact of pore structure and surface roughness on capillary trapping for 2-D and 3-D
porous media: comparison with percolation theory, Water Resour. Res. 51 (2015) 9094-9111.
[3] W. Ehlers, K. Haberle, Interfacial mass transfer during gas-liquid phase change in deformable porous media with heat transfer, Transp. Porous Media
114 (2016) 525-556.
[4] Y.C. Yortsos, A.K. Stubos, Phase change in porous media, Curr. Opin. Colloid Interface Sci. 6 (2001) 208-216.
[5] JJ. Lay, T. Miyahara, T. Noike, Methane release rate and methanogenic bacterial populations in lake sediments, Water Res. 30 (1996) 901-908.
[6] K. Wang, et al., Growth of oxygen bubbles during recharge process in zinc-air battery, ]. Power Sources 296 (2015) 40-45.
[7] K.D. Danov, D.S. Valkovska, P.A. Kralchevsky, Hydrodynamic instability and coalescence in trains of emulsion drops or gas bubbles moving through a
narrow capillary, J. Colloid Interface Sci. 267 (2003) 243-258.
[8] B. Géraud, S.A. Jones, 1. Cantat, B. Dollet, Y. Méheust, The flow of a foam in a two-dimensional porous medium, Water Resour. Res. 52 (2016) 773-790.
[9] C. Garing, J.A. de Chalendar, M. Voltolini, ].B. Ajo-Franklin, S.M. Benson, Pore-scale capillary pressure analysis using multi-scale X-ray micromotography,
Adv. Water Resour. 104 (2017) 223-241.
[10] M. Andrew, B. Bijeljic, M.]. Blunt, Pore-scale imaging of trapped supercritical carbon dioxide in sandstones and carbonates, Int. ]. Greenh. Gas Control
22 (2014) 1-14.
[11] Y. Hu, Y. She, A. Patmonoaji, C. Zhang, T. Suekane, Effect of capillary number on morphological characterizations of trapped gas bubbles: study by using
micro-tomography, Int. J. Heat Mass Transf. 163 (2020) 120508.
[12] S. Iglauer, A. Paluszny, C.H. Pentland, M.J. Blunt, Residual CO2 imaged with X-ray micro-tomography, Geophys. Res. Lett. 38 (2011) L21403.
[13] C. Wang, Y. Mehmani, K. Xu, Capillary equilibrium of bubbles in porous media, Proc. Natl. Acad. Sci. 118 (2021) e2024069118.
[14] J.E. McClure, M.A. Berrill, W.G. Gray, C.T. Miller, Influence of phase connectivity on the relationship among capillary pressure, fluid saturation, and
interfacial area in two-fluid-phase porous medium systems, Phys. Rev. E 94 (2016) 033102.
[15] R.T. Armstrong, M.L. Porter, D. Wildenschild, Linking pore-scale interfacial curvature to column-scale capillary pressure, Adv. Water Resour. 46 (2012)
55-62.
[16] W. Ostwald, Studien tiber die Bildung und Umwandlung fester Korper, Z. Phys. Chem. 22 (1897).
[17] K. Xu, R. Bonnecaze, M. Balhoff, Egalitarianism among bubbles in porous media: an Ostwald ripening derived anticoarsening phenomenon, Phys. Rev.
Lett. 119 (2017) 264502.
[18] K. Xu, Y. Mehmani, L. Shang, Q. Xiong, Gravity-induced bubble ripening in porous media and its impact on capillary trapping stability, Geophys. Res.
Lett. (2019) 1-10, https://doi.org/10.1029/2019GL085175.
[19] Y. Li, C. Garing, S.M. Benson, A continuum-scale representation of Ostwald ripening in heterogeneous porous media, J. Fluid Mech. 889 (2020).
[20] J.A. de Chalendar, C. Garing, S.M. Benson, Pore-scale modelling of Ostwald ripening, J. Fluid Mech. 835 (2018) 363-392.
[21] PW. Voorhees, The theory of Ostwald ripening, J. Stat. Phys. 38 (1985) 231-252.
[22] P.W. Voorhees, Ostwald ripening of two-phase mixtures, Annu. Rev. Mater. Sci. 22 (1992) 197-215.
[23] AJ. Bray, Theory of phase-ordering kinetics, Adv. Phys. 43 (1994).
[24] C. Garing, M. Voltolini, ].B. Ajo-Franklin, S.M. Benson, Pore-scale evolution of trapped CO2 at early stages following imbibition using micro-CT imaging,
Energy Proc. 114 (2017) 4872-4878.
[25] R. Juanes, E.J. Spiteri, EM. Orr, M.J. Blunt, Impact of relative permeability hysteresis on geological CO2 storage, Water Resour. Res. 42 (2006) 1-13.
[26] H.E. Huppert, J.A. Neufeld, The fluid mechanics of carbon dioxide sequestration, Annu. Rev. Fluid Mech. 46 (2014) 255-272.
[27] S. Bachu, CO2 storage in geological media: role, means, status and barriers to deployment, Prog. Energy Combust. Sci. 34 (2008) 254-273.
[28] J. Holocher, F. Peeters, W. Aeschbach-Hertig, W. Kinzelbach, R. Kipfer, Kinetic model of gas bubble dissolution in groundwater and its implications for
the dissolved gas composition, Environ. Sci. Technol. 37 (2003) 1337-1343.
[29] G.L. Bloomsburg, A.T. Corey, Diffusion of Entrapped Air from Porous Media, Hydrology Papers, Colorado State University, 1964.
[30] S.E. Oswald, M. Griepentrog, M. Schirmer, G.U. Balcke, Interplay between oxygen demand reactions and kinetic gas-water transfer in porous media,
Water Res. 42 (2008) 3579-3590.
[31] M. Andersson, S.B. Beale, M. Espinoza, Z. Wu, W. Lehnert, A review of cell-scale multiphase flow modeling, including water management, in polymer
electrolyte fuel cells, Appl. Energy 180 (2016) 757-778.
[32] Z. Lu, M.M. Daino, C. Rath, S.G. Kandlikar, Water management studies in PEM fuel cells, part Ill: dynamic breakthrough and intermittent drainage
characteristics from GDLs with and without MPLs, Int. J. Hydrog. Energy 35 (2010) 4222-4233.
[33] X. Li, Y.C. Yortsos, Theory of multiple bubble growth in porous media by solute diffusion, Chem. Eng. Sci. 50 (1995) 1247-1271.
[34] X. Li, Y.C. Yortsos, Visualization and simulation of bubble growth in pore networks, AIChE J. 41 (1995) 214-222.
[35] X. Li, Y.C. Yortsos, Visualization and numerical studies of bubble growth during pressure depletion, in: SPE Annual Technical Conference and Exhibition,
SPE, 1991.
[36] A. Dominguez, S. Bories, M. Prat, Gas cluster growth by solute diffusion in porous media. Experiments and automaton simulation on pore network, Int.
J. Multiph. Flow 26 (2000) 1951-1979.
[37] LM. Lifshitz, V.V. Slyozov, The kinetics of precipitation from supersaturated solid solutions, J. Phys. Chem. Solids 19 (1961) 35-50.
[38] C. Wagner, C. Wagner, Theorie der Alterung von Niederschliigen durch Umlosen (Ostwald-Reifung), Z. Elektrochem. 65 (1961) 581-591.
[39] V.V. Slezov, J. Schmelzer, ]J. Méller, Ostwald ripening in porous materials, J. Cryst. Growth 132 (1993) 419-426.
[40] J. Schmelzer, ]. Moller, V.V. slezov, Ostwald ripening in porous materials: the case of arbitrary pore size distributions, J. Phys. Chem. Solids 56 (1995)
1013-1022.
[41] Y. Mehmani, H.A. Tchelepi, Minimum requirements for predictive pore-network modeling of solute transport in micromodels, Adv. Water Resour. 108
(2017) 83-98.
[42] Y. Mehmani, M.T. Balhoff, Eulerian network modeling of longitudinal dispersion, Water Resour. Res. 51 (2015) 8586-8606.
[43] C.W. Hirt, B.D. Nichols, Volume of fluid (VOF) method for the dynamics of free boundaries, ]. Comput. Phys. 39 (1981) 201-225.
[44] F. Bauget, R. Lenormand, Mechanisms of bubble formation by pressure decline in porous media: a critical review, in: SPE Annual Technical Conference
and Exhibition, OnePetro, 2002.
[45] V.I. Kalikmanov, Classical nucleation theory, in: Nucleation Theory, in: Lecture Notes in Physics, vol. 860, Springer, Dordrecht, 2013, pp. 17-41.
[46] H. Giesche, Mercury porosimetry: a general (practical) overview, Part. Part. Syst. Charact. 23 (2006) 9-19.
[47] ]J. Howard, W.E. Kenyon, Determination of pore size distribution in sedimentary rocks by proton nuclear magnetic resonance, Mar. Pet. Geol. 9 (1992)
139-145.
[48] D. Dollimore, G.R. Heal, An improved method for the calculation of pore size distribution from adsorption data, ]J. Appl. Chem. 14 (1964) 109-114.
[49] CH. Pentland, R. El-Maghraby, S. Iglauer, M.J. Blunt, Measurements of the capillary trapping of super-critical carbon dioxide in Berea sandstone,
Geophys. Res. Lett. 38 (2011).
[50] V. Cnudde, M.N. Boone, High-resolution X-ray computed tomography in geosciences: a review of the current technology and applications, Earth-Sci.
Rev. 123 (2013) 1-17.
[51] D. Wildenschild, A.P. Sheppard, X-ray imaging and analysis techniques for quantifying pore-scale structure and processes in subsurface porous medium
systems, Adv. Water Resour. 51 (2013) 217-246.

20


http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC81E728D9D4C2F636F067F89CC14862Cs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC81E728D9D4C2F636F067F89CC14862Cs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibECCBC87E4B5CE2FE28308FD9F2A7BAF3s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibECCBC87E4B5CE2FE28308FD9F2A7BAF3s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA87FF679A2F3E71D9181A67B7542122Cs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibE4DA3B7FBBCE2345D7772B0674A318D5s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib1679091C5A880FAF6FB5E6087EB1B2DCs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib8F14E45FCEEA167A5A36DEDD4BEA2543s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib8F14E45FCEEA167A5A36DEDD4BEA2543s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC9F0F895FB98AB9159F51FD0297E236Ds1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib45C48CCE2E2D7FBDEA1AFC51C7C6AD26s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib45C48CCE2E2D7FBDEA1AFC51C7C6AD26s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD3D9446802A44259755D38E6D163E820s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD3D9446802A44259755D38E6D163E820s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6512BD43D9CAA6E02C990B0A82652DCAs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6512BD43D9CAA6E02C990B0A82652DCAs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC20AD4D76FE97759AA27A0C99BFF6710s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC51CE410C124A10E0DB5E4B97FC2AF39s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibAAB3238922BCC25A6F606EB525FFDC56s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibAAB3238922BCC25A6F606EB525FFDC56s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib9BF31C7FF062936A96D3C8BD1F8F2FF3s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib9BF31C7FF062936A96D3C8BD1F8F2FF3s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC74D97B01EAE257E44AA9D5BADE97BAFs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib70EFDF2EC9B086079795C442636B55FBs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib70EFDF2EC9B086079795C442636B55FBs1
https://doi.org/10.1029/2019GL085175
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib1F0E3DAD99908345F7439F8FFABDFFC4s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib98F13708210194C475687BE6106A3B84s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib3C59DC048E8850243BE8079A5C74D079s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibB6D767D2F8ED5D21A44B0E5886680CB9s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib37693CFC748049E45D87B8C7D8B9AACDs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib1FF1DE774005F8DA13F42943881C655Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib1FF1DE774005F8DA13F42943881C655Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib8E296A067A37563370DED05F5A3BF3ECs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib4E732CED3463D06DE0CA9A15B6153677s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib02E74F10E0327AD868D138F2B4FDD6F0s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6EA9AB1BAA0EFB9E19094440C317E21Bs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6EA9AB1BAA0EFB9E19094440C317E21Bs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib34173CB38F07F89DDBEBC2AC9128303Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC16A5320FA475530D9583C34FD356EF5s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC16A5320FA475530D9583C34FD356EF5s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6364D3F0F495B6AB9DCF8D3B5C6E0B01s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6364D3F0F495B6AB9DCF8D3B5C6E0B01s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib182BE0C5CDCD5072BB1864CDEE4D3D6Es1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib182BE0C5CDCD5072BB1864CDEE4D3D6Es1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibE369853DF766FA44E1ED0FF613F563BDs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib1C383CD30B7C298AB50293ADFECB7B18s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib19CA14E7EA6328A42E0EB13D585E4C22s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib19CA14E7EA6328A42E0EB13D585E4C22s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA5BFC9E07964F8DDDEB95FC584CD965Ds1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA5BFC9E07964F8DDDEB95FC584CD965Ds1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA5771BCE93E200C36F7CD9DFD0E5DEAAs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD67D8AB4F4C10BF22AA353E27879133Cs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD645920E395FEDAD7BBBED0ECA3FE2E0s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib3416A75F4CEA9109507CACD8E2F2AEFCs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib3416A75F4CEA9109507CACD8E2F2AEFCs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA1D0C6E83F027327D8461063F4AC58A6s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA1D0C6E83F027327D8461063F4AC58A6s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib17E62166FC8586DFA4D1BC0E1742C08Bs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibF7177163C833DFF4B38FC8D2872F1EC6s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6C8349CC7260AE62E3B1396831A8398Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib6C8349CC7260AE62E3B1396831A8398Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD9D4F495E875A2E075A1A4A6E1B9770Fs1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib67C6A1E7CE56D3D6FA748AB6D9AF3FD7s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib642E92EFB79421734881B53E1E1B18B6s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib642E92EFB79421734881B53E1E1B18B6s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibF457C545A9DED88F18ECEE47145A72C0s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC0C7C76D30BD3DCAEFC96F40275BDC0As1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibC0C7C76D30BD3DCAEFC96F40275BDC0As1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib2838023A778DFAECDC212708F721B788s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib2838023A778DFAECDC212708F721B788s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib9A1158154DFA42CADDBD0694A4E9BDC8s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bib9A1158154DFA42CADDBD0694A4E9BDC8s1

Y. Mehmani and K. Xu Journal of Computational Physics 457 (2022) 111041

[52] M. Andrew, B. Bijeljic, M.]. Blunt, Pore-by-pore capillary pressure measurements using X-ray microtomography at reservoir conditions: curvature, snap-
off, and remobilization of residual CO2, Water Resour. Res. 50 (2014) 8760-8774.

[53] S.L. Bryant, P.R. King, D.W. Mellor, Network model evaluation of permeability and spatial correlation in a real random sphere packing, Transp. Porous
Media 11 (1993) 53-70.

[54] A.W. Wray, B.R. Duffy, S.K. Wilson, Competitive evaporation of multiple sessile droplets, ]. Fluid Mech. 884 (2019) 45.

21


http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD82C8D1619AD8176D665453CFB2E55F0s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibD82C8D1619AD8176D665453CFB2E55F0s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA684ECEEE76FC522773286A895BC8436s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibA684ECEEE76FC522773286A895BC8436s1
http://refhub.elsevier.com/S0021-9991(22)00103-6/bibB53B3A3D6AB90CE0268229151C9BDE11s1

	Pore-network modeling of Ostwald ripening in porous media: How do trapped bubbles equilibrate?
	1 Introduction
	2 Problem description
	3 Pore-network model
	3.1 Governing equations
	3.2 Fully implicit algorithm

	4 Theory of bubble equilibration
	5 Results
	5.1 Validation of PNM against microfluidic experiments
	5.2 Validation of theory against PNM simulations
	5.2.1 Simulation setup
	5.2.2 Theory versus PNM simulations
	5.2.3 Spatial distribution of bubbles
	5.2.4 Ripening kinetics versus heterogeneity


	6 Discussion
	6.1 Generalizations of the PNM
	6.1.1 Non-zero contact angles
	6.1.2 Bubbles spanning multiple pores
	6.1.3 Vanishingly small bubbles

	6.2 Applicability of the bubble equilibration theory
	6.3 Implications to geologic CO2 sequestration
	6.4 Other PNM formulations and their drawbacks
	6.4.1 Sequential formulation
	6.4.2 Volume-balance formulation


	7 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A Equivalence of Ostwald ripening in networks with different geometries
	Appendix B Selecting the throat length in Section 5.1
	Appendix C Supplementary material
	References


