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ABSTRACT

Accurately modeling immiscible fluid flow in disordered media remains a significant challenge due to the interference of spurious currents.
Using the multiple-relaxation-time (MRT) multicomponent pseudopotential lattice Boltzmann method as an exemplar, we perform a
Helmholtz decomposition on the anisotropic residual of discrete interaction forces to elucidate its coupling to viscosity pathways. The
solenoidal component dissipates through shear viscosity (l), while the irrotational component engages bulk viscosity (f), establishing distinct
routes for suppressing spurious currents. Numerical experiments show that employing a 10th-order interaction force markedly reduces the
solenoidal share of the residual—by three to four orders of magnitude compared to fourth-order schemes—thereby activating bulk-viscosity
control via the energy-mode relaxation parameter (se, s�). This approach attains spurious capillary numbers as low as 10�5 and maintains sta-
bility at high viscosity ratios, representing up to two orders of magnitude improvement over MRT color-gradient models. The methodology
is validated through Laplace pressure tests, two-component Poiseuille flow, Taylor–Bretherton bubble dynamics, and applications in digitized
porous media under challenging wettability conditions and high viscosity ratios. From analysis to implementation, the present framework
advances high-fidelity multiphase simulations in complex geometries at high viscosity ratios.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0313522

I. INTRODUCTION

Immiscible multiphase flow in disordered/porous media is central
to subsurface energy systems, fuel cells, and microfluidics.1–4 At the
pore scale, the lattice Boltzmann method (LBM) has become a work-
horse owing to its locality, geometric flexibility, and straightforward
treatment of interfaces.5,6 Mature formulations span color-gradient,
pseudopotential, free-energy and phase-field variants and have been
widely applied to quantify saturation-dependent transport, wettability
effects, and viscous coupling.7–9

A persistent bottleneck, however, is the appearance of spurious
currents—nonphysical velocities near curved interfaces that originate
from discrete-force anisotropy and truncation errors.10–12 Their foot-
print is particularly severe in low-capillary-number regimes and at high
viscosity ratios, where the parasitic velocity scale can rival the physical

one and corrupt mobility estimates, stability and interpretation. Recent
spurious-current mitigation has increasingly focused on restoring dis-
crete force balance, via (i) higher-order/central-moment color-gradient
equilibria and recoloring operators;13,14 (ii) isotropy-augmented and
central-moment pseudopotential formulations, including robust
curved-wetting treatments at large property ratios;9,15 and (iii) well-
balanced or regularized phase-field designs that recover a quiescent
equilibrium at the discrete level.16–18 Although multiple-relaxation-time
(MRT)/central-moment collisions provide additional relaxation chan-
nels and improved stability in large-contrast two-phase simulations,14,18

a predictive physical mechanism explaining when and why tuning spe-
cific relaxation parameters attenuates spurious currents is still lacking.

This work provides that missing mechanism. Starting from a
two-component MRT pseudopotential model with explicit forcing, we
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perform a Helmholtz–Hodge decomposition (HHD) of the residual
discrete intercomponent force.19–23 In Fourier space, the residual splits
into an irrotational (longitudinal) part and a solenoidal (transverse)
part,19,24,25 which couple to the flow through distinct viscosity channels:
the longitudinal response is controlled by the bulk (longitudinal) viscos-
ity k ¼ fþ 4

3l governed by se; s�, whereas the transverse response is
controlled solely by the shear viscosity l governed by s� . Under a 10th-
order isotropic construction (E10), high-order isotropy makes the
residual predominantly irrotational—so tuning se; s� is an effective and
principled lever. In contrast, low-order stencils (E4) leave a mainly sole-
noidal residual for which bulk-viscosity tuning has little influence.

The choice of Helmholtz–Hodge decomposition as the analytical
framework is motivated by its fundamental role in separating compres-
sive/irrotational and vortical/solenoidal content in vector fields. In
Boltzmann-equation-based and LBM-coupled studies, HHD has
proved particularly valuable for diagnosing artifacts and developing
hybrid methods. Qi et al. employed HHD to separate solenoidal and
compressive components in mesoscopic Boltzmann simulations of
incompressible turbulence, enabling the analysis and removal of spuri-
ous pressure oscillations.26 O’Reilly and co-workers formulated a
Helmholtz-split perturbation LBM, coupling an inviscid field to a vis-
cous perturbation field through a decomposition that has since been
extended to hybrid LBM–potential-flow LES settings.22,23 Related pro-
jection/Hodge ideas also appear in LBM-based divergence cleaning for
MHD.27 Building on these precedents, we apply HHD directly to the
intercomponent-force residual and establish the mapping between the
two Helmholtz channels and distinct MRT viscosity controls.

Practically, under sufficiently high-order isotropy (E10) where
the residual is predominantly irrotational, the steady spurious-current
amplitude follows a 1=k scaling; decreasing se and s�, therefore, pro-
vides a principled and effective lever for suppression. Building on this
insight, we construct a 10th-order isotropic force (E10) that eliminates
lattice-tensor anisotropy up to rank 10, thereby rendering the residual
overwhelmingly irrotational and activating the longitudinal damping
pathway. Quantitatively, the solenoidal share of the residual drops by
3–4 orders of magnitude relative to E4, which translates into two-
order-of-magnitude reductions in spurious capillary number and sta-
ble simulations at high viscosity ratios.

This work makes three principal contributions: first, we establish a
model-agnostic mechanism linking the rotational character of discrete-
force errors to distinct viscosity controls in MRT via Helmholtz projec-
tions, thereby unifying the conditions under which se; s� tuning is effec-
tive. Second, we develop anMRT pseudopotential scheme that combines
E10 forcing with longitudinal-viscosity tuning (via se; s�) to suppress
spurious currents without compromising surface-tension fidelity. Third,
we provide comprehensive validation through Laplace pressure tests,
two-component Poiseuille flow including viscosity-modification for large
ratios, Taylor–Bretherton bubbles, and pore-scale flows in digitized
media under extreme wettability and high viscosity ratios.

The practical implementation follows a clear strategy: high-order
isotropy shifts the error spectrum into the irrotational channel, after
which calibration of se; s� raises k until the spurious capillary number
falls well below the target physical capillary number. This longitudinal-
control paradigm is compatible with three-dimensional extensions and
graphics processing unit (GPU) implementations, providing new path-
ways for advancing high-precision multiphase-flow models. The
remainder of this paper is organized as follows: Sec. II formalizes the

MRT–NS mapping and the force decomposition, quantifies the resid-
ual’s rotational content across stencils and demonstrates parameter
sensitivity; Sec. III presents validations and applications; Sec. IV sum-
marizes implications and extensions.

II. MULTICOMPONENT PSEUDOPOTENTIAL MODEL
A. MRT explicit forcing scheme

The multiple-relaxation-time (MRT) collision operator provides
superior stability and accuracy compared to single-relaxation-time
(SRT) schemes, particularly for multiphase flows in complex porous
media.28–30 In this section, we establish the MRT formulation and
derive the key mapping betweenMRT relaxation parameters and mac-
roscopic viscosities, which is essential for understanding how to con-
trol spurious currents.

1. Units and notation

Unless otherwise specified, we work in lattice units with a refer-
ence density q0 ¼ 1, lattice spacing Dx ¼ 1, and time step Dt ¼ 1, so
that c ¼ 1 and c2s ¼ c2=3 ¼ 1=3. If physical units are retained, keep Dt
explicit and use c2s ¼ c2=3 consistently.

2. Basic MRT formulation

With an external force, the discrete lattice-Boltzmann equa-
tion29,31–33 for component r reads

f rðxþ eiDt; tþDtÞ � f ri ðx; tÞ ¼ �ðT�1SrTÞ f r � f rðeqÞ
� �

þDt T�1 I � Sr

2

� �
T

� �
F r; (1)

where f r ¼ ðf r0 ;…; f r8 Þ>, f rðeqÞ are the distribution and equilibrium
vectors of component r, respectively; ei are the discrete lattice veloci-
ties; and F r ¼ ðF r

0 ;…;F r
8Þ> denotes the discrete forcing source

(Guo scheme). Here, T is the moment-transformation matrix, Sr is the
(diagonal) relaxation matrix, and I is the identity; their explicit forms
are given below for D2Q9.

3. Moment basis and relaxation

The transformation matrix T maps distribution functions to
moments. For D2Q9, we adopt the orthogonal d’Humi�eres/
Lallemand–Luo basis28,29

T ¼

1 1 1 1 1 1 1 1 1

�4 �1 �1 �1 �1 2 2 2 2

4 �2 �2 �2 �2 1 1 1 1

0 1 0 �1 0 1 �1 �1 1

0 �2 0 2 0 1 �1 �1 1

0 0 1 0 �1 1 1 �1 �1

0 0 �2 0 2 1 1 �1 �1

0 1 �1 1 �1 0 0 0 0

0 0 0 0 0 1 �1 1 �1

2
6666666666666664

3
7777777777777775

: (2)

The diagonal relaxation matrix is

Sr ¼ diag srq; s
r
e ; s

r
� ; s

r
j ; s

r
q ; s

r
j ; s

r
q ; s

r
� ; s

r
�

� �
; with srq ¼ srj ¼ 1: (3)

The relaxation rates have distinct physical meanings:28,29 sre controls
the energy/trace moment, sr� affects a higher-order energy moment, srq
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governs heat-like fluxes, and sr� determines the shear viscosity29,34

through

�r ¼ c2s
1
sr�
� 1
2

� �
Dt ¼ c2

3
1
sr�
� 1
2

� �
Dt: (4)

4. Equilibrium distribution and forcing

The equilibrium distribution follows a second-order Maxwellian
expansion28,29

f rðeqÞi ðx; tÞ ¼ qr xi 1þ ei � ueq
c2s

þ ðei � ueqÞ2
2c4s

� jueqj2
2c2s

" #
; (5)

with weights x0 ¼ 4=9,x1�4 ¼ 1=9, x5�8 ¼ 1=36, lattice vectors

e ¼ 0 1 �1 0 0 1 �1 �1 1

0 0 0 1 �1 1 1 �1 �1

" #
;

and the lattice sound speed cs (defined above). The mixture equilib-
rium velocity is

ueq ¼
X

r
qrurX
r
qr

: (6)

Macroscopic variables28,29 are

qr ¼
X8
i¼0

f ri ; qrur ¼
X8
i¼0

eif
r
i þ Dt

2
Fr: (7)

We employ the Guo forcing scheme31,32,35 for the discrete source

F r
i ¼ xi

ei � ueq

c2s
þ ðei � ueqÞ ei

c4s

" #
� Fr; (8)

where Fr is themacroscopic total force acting on component r includ-
ing both fluid–fluid and fluid–solid interactions,

Fr
f ðxÞ ¼ �grr0 wrðxÞ

Xn
i¼0

wðjeij2Þwr0 ðx þ eiÞ ei; (9)

Fr
adsðxÞ ¼ �grw wrðxÞ

Xn
i¼0

wðjeij2Þww sðx þ eiÞ ei: (10)

Here, r0 denotes the other fluid component (r0 6¼ r); grr0 and grw are
the fluid–fluid and fluid–solid interaction strengths, respectively;
wrðxÞ is the pseudopotential (a scalar function of qr), ww is the pre-
scribed wall pseudopotential, and sðxÞ is the solid indicator (s ¼ 1 on
solid nodes and s ¼ 0 on fluid nodes). The weight wðjeij2Þ depends
only on the squared lattice-vector length and the chosen isotropic sten-
cil, and n denotes the corresponding number of discrete interaction
links (excluding the rest vector), with the wall pseudo-density sampled
as wðrÞ

w ¼ ð1þ jÞ 1
n

Pn
i¼1 qrðx þ eiÞ [supplementary material,

Eq. (S2)]. We also performed an off-grid inclined-plane droplet test at
30� to verify that this fluid–solid interaction does not induce a non-
physical droplet drift in the absence of external forcing7,36 (see the
supplementary material).

5. MRT–NSmapping and viscosity control

A Chapman–Enskog expansion to Oð�2Þ yields the steady Stokes
system as follows:

0 ¼ �rpþ lr2uþ fþ 1
3
l

� �
rðr � uÞ þF ; (11)

with total body force F ¼ P
r F

r, shear viscosity l ¼ q �, and bulk
(“thermodynamic”) viscosity f. In the MRT form, these read29,34

l ¼ q c2s
1
s�
� 1
2

� �
Dt; f ¼ ae q c

2
s

1
se
� 1
2

� �
Dtþ a� q c

2
s

1
s�
� 1
2

� �
Dt;

(12)

with ae ¼ 1=3 and a� ¼ 2=9 for the d’Humi�eres/Lallemand–Luo
D2Q9 basis. Thus, both se and s� contribute to f; in practice, they are
often set equal.

6. Viscosity coupling via Helmholtz decomposition

Taking the spatial Fourier transform of (11) (r ! ik,
r2 ! �k2) gives

0 ¼ �ik p̂ � lk2û � fþ l
3

� �
kðk � ûÞ þ F̂ : (13)

Introduce the solenoidal and irrotational projectors

PðkÞ ¼ I � kk>

k2
; QðkÞ ¼ kk>

k2
; (14)

and define the longitudinal viscosity

k � fþ 4
3
l: (15)

This definition follows from the longitudinal (irrotational) projection
of Eq. (11): for uk k k, the shear term lr2u and the compressive term
fþ 1

3 l
� 	rðr � uÞ contribute additively, yielding a net longitudinal
damping coefficient fþ 4

3 l
� 	

k2. Applying P andQ yields

û? ¼ Pû ¼ 1
lk2

PF̂ ; ûk ¼ Qû ¼ 1
kk2

Q F̂ � ikp̂
� 	

; (16)

showing that the solenoidal response is controlled by l, while the lon-
gitudinal response is controlled by k.

7. Pseudopotential force: Gradient hierarchy plus errors

Consider the generic Shan–Chen-type force

F ðxÞ ¼ �G/ðxÞ
X
i

wðjeij2ÞUðx þ eiÞ ei; (17)

with ð/;UÞ ¼ ðwr;wr0 Þ for fluid–fluid interaction or ðwr;wwsÞ for
fluid–solid adhesion. Taylor-expanding Uðx þ eiÞ and contracting lat-
tice tensors Ma1…ap ¼

P
i wi eia1 � � � eiap of even rank (p ¼ 2;

4;…; 10) yields the isotropy identities as follows:

Mab ¼ m2 dab; Mabcd ¼ m4 S
ð4Þ
abcd;

Sð4Þabcd ¼ dabdcd þ dacdbd þ daddbc; Ma1…a6 ¼ m6 S
ð6Þ
a1…a6 ;

Ma1…a8 ¼ m8 S
ð8Þ
a1…a8 ; Ma1…a10 ¼ m10 S

ð10Þ
a1…a10 :

(18)

For D2Q9, m2 ¼ c2s and m4 ¼ c4s , whereas higher m2p are stencil-
dependent (e.g., E10 enforces isotropy through rank 10). The con-
tracted series becomes a gradient hierarchy (purely irrotational) plus
residual errors
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F ¼ �G/ m2 rUþm4

3!
rr2Uþm6

5!
rr4Uþm8

7!
rr6Uþm10

9!
rr8U


 �
þ Rð�10Þ

aniso þRð>10Þ: (19)

WritingMð2pÞ ¼ m2p Sð2pÞ þ Dð2pÞ gives the anisotropy leakage

Rð�10Þ
aniso ¼ �G/

X4
q¼0

1
ð2qþ 1Þ! D

ð2qþ2Þ : r2qþ1U: (20)

Helmholtz splitting of the total error Rtotal ¼ Rð�10Þ
aniso þRð>10Þ reveals

two distinct control pathways: solenoidal errors (PRtotal) are damped
by l and largely insensitive to se; s�; irrotational errors (QRtotal) are
damped by k ¼ fþ 4

3 l and, therefore, tunable via se; s�. This immedi-
ately explains the different parameter sensitivities of two popular sten-
cils. E10 enforces isotropy up to rank 10, eliminating Dð2pÞ for
p � 5.10,37 What remains is dominated by higher-order truncation
that is predominantly irrotational, making spurious currents highly
responsive to longitudinal-viscosity tuning via se and s�.

38,39 In con-
trast, E4 leaves significant low-order anisotropy (Dð6Þ;Dð8Þ;Dð10Þ 6¼ 0),
whose Helmholtz content is largely solenoidal; here spurious currents
scale with the shear-viscosity channel and are, therefore, insensitive to
se adjustments. This analysis directly translates into practical guidance
for tuning the collision operator to suppress these artifacts. Specifically:
(i) Use s� to suppress solenoidal contamination [as shown in Fig.
S2(a)]; (ii) use se and s� together to raise f when the error is irrotation-
ally dominated (typical of E10-like stencils), recalling both contribute
with weights 1=3 and 2=9 in (12); and (iii) in all cases, the relevant
damping for longitudinal response is k ¼ fþ 4

3 l.

8. Numerical validation through Fourier analysis

We validate the theoretical predictions through direct Fourier-
space analysis of discrete force operators for E4 through E10 sten-
cils.29,32,35 This numerical verification quantifies how isotropy order
affects both error magnitude and rotational character.

We construct the stencil weights by enforcing isotropy constraints
up to order 2K (where K ¼ 2; 3; 4; 5 for E4, E6, E8, and E10, respec-
tively) through a least squares solution of the moment equations. For
each stencil, we compute the Fourier symbol F̂ðkÞ of the discrete force
operator and decompose it into components parallel and perpendicular

to the wavevector k. The parallel component jF̂ kj represents irrotational
(gradient-like) contributions that can be expressed as pressure gradients,
while the perpendicular component jF̂?j captures solenoidal (vortex-
like) errors that cannot be absorbed into a pressure tensor.

The following figures present three key metrics across the physi-
cally meaningful wavenumber range 0 < k < p (beyond which alias-
ing occurs on the discrete lattice). Figure 1(a) shows the relative error
amplitude jFerrj=jFisoj, where the error is defined as the deviation from
the ideal isotropic linear response. As expected, E4 exhibits the largest
errors, while E10 maintains minor errors across the entire spectrum.
This order-of-magnitude improvement directly translates to reduced
spurious currents in practical simulations.

More revealing is the decomposition shown in Figs. 1(b) and
1(c). Figure 1(b) displays the solenoidal fraction within the error com-
ponent alone, jF?j=jFerrj. For E4, this ratio approaches unity at mod-
erate wavenumbers, indicating that the errors are predominantly
solenoidal and, thus, cannot be controlled through bulk viscosity
adjustments. In stark contrast, E10 maintains a much lower solenoidal
fraction, with most of its (already small) error being irrotational.
Figure 1(c) shows the solenoidal share in the total driving force, con-
firming that higher-order stencils progressively reduce the vortex-
generating components that are most difficult to suppress.

The Fourier analysis confirms our theoretical framework: E10
achieves superior spurious current suppression through (i) order-of-
magnitude reduction in total error compared to E4 and (ii) predomi-
nantly irrotational error structure amenable to bulk viscosity
control.10,37–39 Conversely, E4’s large solenoidal errors remain unaf-
fected by se tuning, necessitating different optimization strategies.
These findings establish high-order isotropy as essential for applica-
tions demanding low spurious currents with high viscosity ratios.

9. Simulation-based Fourier/Helmholtz validation

To directly corroborate the mechanism in full simulations, we per-
form a Helmholtz–Hodge decomposition in Fourier space on the simu-
lated intercomponent force fields. For each stencil (E4/E6/E8/E10), we

FIG. 1. Fourier-space analysis of discrete force operators for E4 through E10 stencils. (a) Relative error amplitude compared to the isotropic reference, showing order-of-magni-
tude reduction from E4 to E10. (b) Solenoidal (rotational) fraction within the error component, revealing that E4 errors are predominantly vortex-like while E10 errors are mostly
gradient-like. (c) Solenoidal fraction in the total force, demonstrating systematic improvement with the stencil order. The wavenumber range extends to k ¼ p, the Nyquist limit
for discrete lattices. Color scheme: E4 (blue), E6 (orange), E8 (green), and E10 (red).
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take the steady force field from a periodic droplet test, compute the dis-
crete Fourier transform, and project onto longitudinal and transverse
subspaces using P and Q, respectively. Two complementary diagnostics
are reported: (i) the global L2 rotational share C ¼ jjF?jj22=ðjjF?jj22
þ jjFkjj22Þ and (ii) the spatial distribution of the rotational magnitude
log 10jF?j, shown in Fig. 2. The left panel shows that increasing the
isotropy order systematically reduces the rotational share, confirming
that the residual forcing is progressively shifted from the transverse
(solenoidal) channel toward the longitudinal (irrotational) channel that
can be damped by k. The right panel further visualizes how the trans-
verse forcing becomes more localized and much weaker for E8/E10,
with the stripe-like vortex artifacts strongly suppressed, consistent with
the observed reductions in spurious currents in physical-space tests.

10. Rationale for comparisons with color-gradient
models

The foregoing MRT–NS mapping and Helmholtz analysis pro-
vide a direct theoretical basis for the numerical benchmarks reported
next (Sec. II B). In these tests, we contrast the behavior of the E4 pseu-
dopotential stencil against a modern MRT color-gradient formulation.
This comparison is strictly motivated by the widespread adoption of
color-gradient methods in pore-scale two-phase studies and relative-
permeability assessments for porous media.2,5,40–50 Details of the MRT
color-gradient model used here are summarized in the supplementary
material. By establishing the color-gradient model as a representative
baseline, we aim to contextualize the performance of the proposed
high-order spectral suppression technique in complex geometries.

11. Model-agnostic diagnostics vs model-specific control

While the specific suppression mechanism explored here—tuning
energy-mode relaxation rates to damp longitudinal errors—is framed
around multicomponent pseudopotential models, the underlying
Helmholtz–Hodge decomposition is model-agnostic. For any multi-
phase LBM formulation, whether pseudopotential, free-energy, or
color-gradient, the parasitic velocity field (or its driving force) can be
decomposed into solenoidal and irrotational parts. This provides a

universal diagnostic for determining whether spurious motion is pre-
dominantly vortical or compressive.

However, the effective control lever depends strictly on the spec-
tral signature of the model. In pseudopotential formulations, numeri-
cal imbalance in the explicit interaction force often creates a nontrivial
irrotational contribution (nonzero discrete divergence). This directly
excites the longitudinal mode, which in MRT-LBM is efficiently
damped by the bulk viscosity via the relaxation rates se and s�.
Conversely, in color-gradient models, capillarity is realized through a
perturbation operator followed by a recoloring step. As noted in the
theoretical analysis, this sequence typically generates a residual that is
predominantly solenoidal. Consequently, the spurious currents couple
to the shear viscosity (l) rather than the bulk viscosity, rendering se
and s� ineffective as control parameters. This dichotomy explains why
parameter strategies successful for high-order pseudopotential schemes
(E10) do not transfer to color-gradient or low-order (E4) schemes. The
decomposition, thus, serves not only to validate the proposed bulk-
viscosity damping for E10 but also to clarify the limiting factors in
alternative formulations. With this context, the forthcoming figures
use the color-gradient model as a practically relevant baseline to
benchmark spurious currents, while the E10 results illustrate how
shifting the residual toward the longitudinal channel enables effective
bulk-viscous control.

B. Reduction of spurious currents

Proper selection of relaxation times plays a pivotal role in sup-
pressing spurious currents. As clarified above, the steady amplitude
depends on the longitudinal viscosity k ¼ fþ 4

3l for irrotational resid-
uals and on the shear viscosity l for solenoidal residuals. In D2Q9
MRT, the bulk/longitudinal viscosity receives contributions from both
the energy moment e (via se with coefficient 1=3) and the �-moment
(via s� with coefficient 2=9). Therefore, reducing se and s� together
effectively increases f and decreases the spurious-current level when a
high-order (E10) intercomponent forcing is used.

For the two components, we adopt the same sre and sr� , and thus,
in what follows, we drop the superscript and denote them simply by se
and s�. Two representative cases are examined to demonstrate how
these parameters impact the suppression of spurious currents.

FIG. 2. Simulation-based Fourier/Helmholtz validation. (a) Global L2 rotational share C computed from the simulated force fields shows a monotonic reduction from E4 to E10,
with E10 orders of magnitude lower than E4. (b) Spatial map of log 10jF?j for the four stencils (same color scale), where stripe-like vortex artifacts are visibly suppressed
when increasing the isotropy order. Both diagnostics independently confirm that high-order isotropy converts the residual forcing into a predominantly irrotational signal that is
amenable to bulk-viscosity control.
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1. Static bubble

The first one is a static bubble with a radius of R ¼ 16 embedded
in the suspending fluid; the simulation domain is the same as Fig.
S1(a). The fundamental principle of numerical parameters is that they
do not affect the results of numerical simulations. As shown in Fig. S4,
the surface tension shows good consistency under different se and s�.

Figure 3(a) shows maximum spurious currents of 2:4� 10�3

(4th-order isotropy, E4) vs 4:25� 10�5 (10th-order, E10,
se ¼ s� ¼ 0:0001). Figure 3(b) reveals decreasing spurious currents
with increasing kinematic viscosity until stabilization. The E10 model
reduces maximum spurious currents by two orders of magnitude com-
pared to E4, E4 exhibits 6:17� 10�4 while E10 with se ¼ s� ¼ 0:0001
achieves 1:73� 10�5.

2. Porous media

To support porous media applications, testing complex geometry
is necessary to address structural anisotropy. Here, we will illustrate
that the presence of spurious currents is an inherent defect of the LB
model rather than a numerical error by observing the relationship
between the spurious capillary number and the increasing grid num-
bers. Cas quantifies the ratio of viscous forces caused by spurious cur-
rent to interfacial tension in multiphase flow systems. A structure
consisting of 64 regularly packed circles [see Fig. S5(a) in the
supplementary material] are employed to assess Cas of the model
within porous media. The number of grids describing the structure

progresses from 100� 100lu2 (10000 grids) to 1000� 1000lu2

(1 000000 grids). We apply E10 model with se ¼ s� ¼ 1 to get Cas and
the two-phase distributions are initially preset by the random scatter-
ing method at a saturation S1 ¼ S2 ¼ 0:5, with kinetic viscosity t1
¼ t2 ¼ 0:1667 and contact angle h1 ¼ 85�. As shown in Fig. S5(b),
notwithstanding 100 times increase in grid numbers, Cas merely have
a less 28% reduction magnitude, which decreases from 1:11� 10�4 to
8� 10�5. This reduction can be contributed to higher resolution of
the description of the porous structure with grid numbers increasing.

Then we choose the same porous media with 500� 500lu2 to
compare Cas among E4 model, state-of-the-art MRT color-gradient
model and E10 model with different parameters. All cases are under
the same condition with saturation S1 ¼ S2 ¼ 0:5, kinematic viscosity
t1 ¼ t2 ¼ 0:0667, contact angle h1 ¼ 85�, and surface tension
c ¼ 0:1543. As shown in Fig. 4(a), the E4 model exhibits the largest
Cas of 9:5� 10�4. Cas of the color gradient model is 3:2� 10�4. For
E10 model, Cas is 7:4� 10�5 for se ¼ s� ¼ 1 while Cas is only 4:54
�10�6 for se ¼ s� ¼ 0:0001. Figure 4(b) shows the E10 model with
se ¼ s� ¼ 0:0001, which exhibits superior performance in reducing
Cas under conditions of extreme wettability. The values are both 3:1
�10�6 with h1 ¼ 0 and h1 ¼ 180�. In conclusion, Cas of E10 model
reduced by two orders of magnitude compared to E4 model.

Figure 5 compares the spurious-current fields of the color-
gradient model and the E10 model with se ¼ s� ¼ 0:0001 at h1 ¼ 85�

and h1 ¼ 180�. The color-gradient model exhibits interface spurious
currents up to 2:2� 10�2, while the E10 model with se ¼ s� ¼ 0:0001
reduces spurious currents to 1:5� 10�4.

FIG. 3. (a) Maximum spurious currents of
E4 and E10 models under varying se and
s� with tb ¼ ts ¼ 0:0667. (b) Variation of
the maximum spurious currents with kine-
matic viscosity.

FIG. 4. (a) Spurious capillary number Cas
for E4, state-of-the-art MRT color-gradient,
and E10 models under varying se and s�.
(b) Variation of Cas with contact angle for
the color-gradient model and the E10
model with se ¼ s� ¼ 0:0001.
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C. High viscosity ratio modification

The capability of the model in describing momentum exchange
through the interface can be justified by two-component Poiseuille
flow verification. In an infinite 2D horizontal channel, wetting phase
flows along the channel wall and non-wetting phase flows between the
wetting phase.33,43,51–54 The thin wetting phase near the channel wall
acts as a lubricant for the viscous non-wetting phase, resulting in its
relative permeability far exceeding 1. The relative permeabilities of the
wetting phase (Kw) and non-wetting (Knw) phase can be calculated by

Kw ¼ 1
2
S2wð3� SwÞ; (21)

Knw ¼ ð1� SwÞ 3
2
M þ ð1� SwÞ2 1� 3

2
M

� �
 �
: (22)

As we mentioned in Sec. IIB 2, the viscosity of the low-viscosity
phase must not be too small in systems with high viscosity ratios to

control spurious currents and ensure numerical stability while main-
taining a low spurious Reynolds number. Simultaneously, to preserve
isotropy and minimize the spurious capillary number, the viscosity of
the high-viscosity phase must not be too large. Considering these fac-
tors, a viscosity range of 0:0667� 0:1667 for the low-viscosity phase is
deemed appropriate. The literature33,55,56 shows their multicomponent
pseudopotential models achieve a high viscosity ratio in two-
component Poiseuille flow, as shown in Table I, but the minimum vis-
cosity of their models is extremely small. In our model, the minimum
viscosity is set as 0.0667, which is consistent with the Laplace verifica-
tion in Sec. II B 1.

To achieve a relatively high viscosity ratio, our maximum viscos-
ity is 1–2 orders of magnitude higher than that of other models. When
the viscosity ratio of the components is less than 10, the numerical
error caused by mixing is acceptable.57 However, under such high vis-
cosity and viscosity ratio conditions, the impact of a small amount of
high viscosity component on the overall velocity in low viscosity

FIG. 5. Spurious-current fields in porous
media. Panels (a) and (b) show the color-
gradient model with h1 ¼ 85� and h1
¼ 180�, respectively; panels (c) and (d)
depict the E10 model with se ¼ s�
¼ 0:0001 at the same contact angles.

TABLE I. Viscosity parameters adopted in prior multicomponent lattice Boltzmann models and in the present work.

Quantity Porter et al.33 Gharibi and Ashrafizaadeh55 Otomo et al.56 Present model

Minimum viscosity 0.000 33 0.000 167 0.0017 0.0667
Maximum viscosity 1.5 0.835 1.7 66.667
Viscosity ratio 1000 5000 1000 1000
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components can lead to significant distortion in the numerical solu-
tions. In multicomponent LBM, spontaneous diffusion leads to minor
“mixing” between components,33,55,56,58–60 which implies one grid
point will possess two components at the same time, i.e.,: q1 ¼ 1:01
with q2 ¼ 0:03. We discovered that employing the color gradient
model5,43,61–63 to handle diffusion mixing can effectively resolve this
issue. Interface judgment function is defined as

/ðxÞ ¼ q1ðxÞ � q2ðxÞ
q1ðxÞ þ q2ðxÞ

: (23)

It is also considered that the viscosity of the mixed component
diffusing into the main component at the interface is equal to the vis-
cosity of the main component (relaxation time) to address the afore-
mentioned numerical distortion. Interpolation is used to ensure a
smooth transition of the relaxation time at the interface of the two
phases as follows:

sðxÞ ¼

s1; / > d;

g1ð/Þ; d � / > 0;

g2ð/Þ; 0 � / > �d;

s2; / < �d;

8>>>>><
>>>>>:

(24)

where s1 and s2 are the relaxation times of the two components,
g1ð/Þ ¼ s1 þ s2/þ s3/

2, g2ð/Þ ¼ t1 þ t2/þ t3/
2, s1 ¼ t1 ¼ 2s1s2=

s1 þ s2, s2 ¼ 2ðs1 � s1Þ=d, s3 ¼ �s2=2d, t2 ¼ 2ðt1 � s2Þ=d, t3
¼ t2=2d, and d ¼ 0:8.

From Fig. 6, the relative permeabilities of the two-component
Poiseuille flow for thin wetting phase and viscous non-wetting phase
obtained by our modified model align with analytical solutions,

indicating that the model describes the momentum exchange correctly.
AcrossM ¼ 10–1000, the projected-viscosity treatment closely follows
the analytical curves, whereas arithmetic viscosity blending exhibits a
systematic underprediction of Knw that becomes more pronounced as
M increases. This figure, therefore, provides direct evidence that the
interface-aware viscosity projection removes the mobility bias induced
by diffusion mixing while preserving a smooth relaxation-time transi-
tion. By contrast, Porter’s model significantly deviates from the analyti-
cal solution. To rationalize this difference, recall that two–component
Poiseuille flow with zero interfacial curvature admits a shear-stress bal-
ance ds=dy ¼ qFb and a local gradient u0ðyÞ ¼ sðyÞ=lðyÞ. The volu-
metric rate is, therefore, a weighted functional of the mobility

Q /
ðH
�H

wðyÞlðyÞ�1 dy; wðyÞ ¼ H � jyj: (25)

If viscosity is blended arithmetically in a diffuse layer, lmixðyÞ
¼ aðyÞlhigh þ ½1� aðyÞ	llow with a 2 ð0; 1Þ, Jensen’s inequality for
the convex map f ðxÞ ¼ 1=x gives l�1

mix � a=lhigh þ ð1� aÞ=llow, and
hence Qmix < Q]. In other words, global mixing reduces the effective
mobility and underpredicts the non-wetting relative permeability Knw

in (21) and (22). The bias scales with both the mixing extent (nominal
interface width d) and the absolute viscosity gap, so maintaining the
same ratio M but raising the absolute viscosities amplifies the error.
This explains why models operated at very small absolute viscosities
and very thin interfaces accurately reproduce (21) and (22), whereas
the same arithmetic blending deviates in our setting where a larger
minimum viscosity is required for stability and isotropy.

Our modification avoids this bias by projecting the viscosity onto
the dominant component using the color function (23) and (24), yield-
ing a near sharp-interface viscosity field [mixing error OðdÞ] with a

FIG. 6. Two-component Poiseuille flow for (a) M ¼ 10, (b) M ¼ 100, and (c) M ¼ 1000. Arithmetic viscosity blending across a diffuse interface lowers the effective mobility,
Q / Ð

wðyÞ l�1ðyÞ dy, leading to an underprediction of the non-wetting relative permeability Knw. Projecting viscosity via the color function (23) and (24) restores a near
sharp-interface field and recovers the analytical relations.
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controlled, smooth transition. As a result, the analytical relations are
recovered in Fig. 9 while keeping parameter choices consistent with
the rest of the study.

Figure 7 shows that our model can satisfy a consistent Laplace
verification under different viscosity ratios with the minimum viscosity
of 0.0667, and the surface tension is the same as that in Fig. S4. The
pressure jump exhibits the expected Laplace-law behavior and remains
essentially unchanged as the viscosity ratio varies, demonstrating that
the interfacial curvature is captured consistently. The agreement up to
M ¼ 200 supports the robustness of our isotropic forcing and
parameter-consistent setup in the high-contrast regime relevant to the
subsequent applications.

There are two points need to be clarified: (1) It can be seen in
(21) and (22) that in two-component Poiseuille flow with a zero-
curvature interface, surface tension serves only as a phase separation
parameter with no impact on numerical results, provided sufficient
phase separation is ensured. In Laplace verification, the model needs
to capture nonzero curvature at the interface to realize the functional-
ity of surface tension, so implementing Laplace verification for large
viscosity ratios places a higher demand on isotropy than does two-
component Poiseuille flow at large viscosity ratios. (2) To ensure the
application of the model in practical physical problems, the selection
of fluid viscosity for two-component Poiseuille flow and Laplace

verification must be consistent as we have done. However, the litera-
tures33,55,56 lack consideration of parameter consistency. According to
the Laplace verification in Fig. 7, the maximum viscosity ratio of the
model that is applicable to all practical physical problems is 200, which
is enough for most physical investigations. Our previous investigation
of viscous coupling effects in porous media60 provides an example for
the application of the model.

From Fig. 8, the E10 model demonstrates superior suppression of
spurious currents across viscosity ratios, especially with
se ¼ s� ¼ 0:0001. As introduced, model anisotropy intensifies with ris-
ing viscosity ratios. Figure 8(a) reveals consistent trends between maxi-
mum spurious currents and viscosity dependencies [Fig. 3(b)]: E4
reaches 1:3� 10�3 at M ¼ 200, while E10 with se ¼ s� ¼ 0:0001
maintains 4:4� 10�5. In Fig. 6(b), though the spurious currents do
not increase in response to the viscosity ratio, Cas linearly escalates
with fluid viscosity for both models. Even at M ¼ 200, Cas of the E10
model with se ¼ s� ¼ 0:0001 is merely 1:01� 10�5, representing a
35-fold reduction in comparison to the E4 model.

The existence of porous media further increases model anisot-
ropy and elevates spurious currents. Combining Fig. 8(b) with Fig.
S6(a) shows that Cas in porous media exceeds that in a suspending
bubble by more than an order of magnitude, imposing tighter con-
straints on immiscible-flow simulations. We compare Cas of different
models within the same porous medium as Sec. IIB 2. As shown in
Fig. 9(a), the spurious capillary number of the E10 model with se
¼ s� ¼ 0:0001 atM ¼ 50 andM ¼ 200 is reduced by roughly 20-fold
relative to the color-gradient model under a low-viscosity-phase con-
tact angle h1 ¼ 85�. Figure 9(b) further indicates that Cas remains
remarkably small under extreme wettability ðM ¼ 100Þ, taking values
of 4:17� 10�5 at h1 ¼ 0� and 9:47� 10�5 at h1 ¼ 180�, in contrast
to 6:23� 10�3 and 3:1� 10�3 for the color-gradient model.
These correspond to reductions of about two orders of magnitude.
Figure 5(b) and Fig. S6(b) together highlight the strong performance
of our model for extreme porous-media conditions.

Figure S6 illustrates that our model is capable of describing the
phase behavior induced by capillary pressure under high viscosity
ratios and extreme wettability within porous media. The bubble mor-
phology remains consistent whether the bubbles represent the viscous
phase or the low-viscosity phase.

Figure S7 shows that the maximum spurious currents are, respec-
tively, 1:34� 10�4 and 6:35� 10�5 when bubbles act as viscous phase
and low-viscosity phase. Spurious currents of the color-gradient model

FIG. 7. Laplace verification under different viscosity ratios.

FIG. 8. Maximum spurious currents (a)
and spurious capillary number (b) of a
suspending bubble with R ¼ 16 under dif-
ferent viscosity ratios.
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are 1:42� 10�2 and 1:1� 10�2, which are over two orders of magni-
tude larger than those of E10 model with se ¼ s� ¼ 0:0001.

III. APPLICATIONS
A. Taylor/Bretherton flow

We conduct a series of simulations for the Taylor/Bretherton
flow with Cas significantly smaller than the prescribed value. The
Taylor/Bretherton flow64–69 describes the motion of a long gas bubble
through a liquid (water here) in a narrow channel, as illustrated in
Fig. S8. It has been observed that the thickness of the water film has
relationship with Ca2=3. The capillary number is defined as66

Ca ¼ lwaterUbubble

c
; (26)

where lwater is the water viscosity, Ububble is the bubble velocity, and c
is the surface tension between water and bubble interface.

Bretherton investigated the motion of a long bubble in a liquid-
filled tube and found the film thickness d proportional to Ca2=3 when
Ca is small. Subsequently, Taylor refined and extended Bretherton’s
law to a broader range of capillary numbers through extensive experi-
ments as64,65

al
H

¼ 1:34Ca2=3=ð1þ 1:34 
 2:5Ca2=3Þ; (27)

where H is the height of the capillary tube; the coefficient 1.34 is
derived by Bretherton, and the coefficient 2.5 is empirical.

Inertia can be neglected here. The spurious capillary number in
this system is 0.000 33. The densities of water and bubble are uniform
1, while the actual density ratio in the experiments is much larger than
1. In addition, the maximum Reynolds number in our simulations is
7.2. Giavedoni and Saita68 found that Reynolds number effects are neg-
ligible for Ca � 0:05 and have a moderate impact for Ca > 0:05,
within a Reynolds number range of 0–70. Furthermore, Heil69

extended the analysis to Re up to 300, showing that the Reynolds num-
ber has a limited impact on the established film thickness, with only a
7% variation compared to the Re ¼ 0 case. Accordingly, we can disre-
gard inertia effects and conclude that the primary governing parameter
for microchannel Bretherton flows is viscosity ratio.

Figure 10 shows that our model captures the liquid film in
Taylor/Bretherton flow with low Ca. The simulated liquid-film thick-
nesses agree well with Taylor’s empirical equation. The simulation
range of Ca is set to 0.002–1. The water and bubble kinematic viscosi-
ties are 16.667 and 0.1667 in all cases, respectively, so the viscosity ratio
M ¼ qw�w=qb�b ¼ 100, which matches the physical properties. The
surface tension is c ¼ 0:1543. To save computational resources, high-
resolution grids are only used for the low-Ca cases, i.e., 1600� 402 for
Ca ¼ 0:002, 800� 202 for Ca ¼ 0:005, 0.01, and 0.02, 600� 152 for
Ca ¼ 0:05 and 0.1, and 400� 102 for Ca ¼ 0:2, 0.5, and 1, with the
bubble width exceeding 2=3 of the channel height.67 Moreover, the
relaxation parameters se and s� differ for different Ca. We choose se
¼ s� ¼ 0:0001 for Ca ¼ 0:002, se ¼ s� ¼ 0:0005 for Ca ¼ 0:005,
0.01, and 0.02, se ¼ s� ¼ 0:005 for Ca ¼ 0:05 and 0.1, and se ¼ s�
¼ 0:01 for Ca ¼ 0:2, 0.5, and 1 to ensure that Ca remains sufficiently

FIG. 10. (a) Bubble shapes computed for
Ca ¼ 0:005, 0.02, 0.1, and 0.5 (top to
bottom). (b) Liquid-film thickness vs capil-
lary number.

FIG. 9. (a) Spurious capillary number Cas
for E4, state-of-the-art MRT color-gradient,
and E10 models with se ¼ s� ¼ 0:0001
under different viscosity ratios. (b)
Variation of Cas with contact angle for the
color-gradient model and the E10 model
with se ¼ s� ¼ 0:0001.
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small. Higher relaxation parameters can then be adopted to accelerate
convergence once the Ca effect is controlled. Spurious currents inter-
fere with the accurate computation of viscous forces. As illustrated in
Fig. 10(b), the color-gradient model fails to characterize liquid-film
thickness at low capillary numbers. Upon further reduction of Ca, spu-
rious capillary numbers overwhelm the physical response, leading
to the disappearance of shear effects and the elimination of the
liquid film.

B. Startup of trapped ganglia in porous media

Nonwetting ganglia can become trapped by capillary forces at the
pore-throat, a phenomenon known as capillary trapping.70,71 The
capillary trapping of ganglia alters the flow channels,72,73 thereby sig-
nificantly influencing flow dynamics, mass and heat transport, and
chemical reactions1,74,75 within the medium. To mobilize a trapped
ganglion in porous media, an external driving force exceeding a certain
threshold is required to overcome the capillary pressure barrier.76–79

Wang and Xu80 investigated the initiation process of an initially
trapped ganglion in porous media. Through a theoretical analysis con-
ducted in a 2D conceptual model of porous media, they developed a
theory for the startup criteria. The media consists of a rectangular
array of identical circular grains, as shown in Fig. S9.

They introduced a modified Bond number as

Bo ¼ 2jrPjR0

c=R0
¼ 2jrPjR2

0

c
; (28)

where rP denotes the external pressure gradient, so 2jrPjR0 is the
pressure drop over a pore length. 2c=R0 is the reference capillary pres-
sure. According to their theory, a bubble volume is nVpore which ini-
tially occupies n pores has a critical start up Bond number Boc. The
values of Boc for n ¼ 7; 8; 9; 10; 11 are 0.138, 0.123, 0.101, 0.098, and
0.086, respectively. We follow the same set up with R0 ¼ 60 and
c ¼ 0:1543; the simulated Boc align well with theoretical values in
Fig. 11(a). However, the color-gradient model fails to capture the cor-
rect curvature due to its artificial phase separation characteristic, caus-
ing a breakthrough without any jrPj, as shown in Fig. 11(b).

We compare the behavior of ganglia with identical volume V but
different initial pore occupancies n in an external field. Specifically, we
examine ganglia A1, A2, and A3, each with a volume V ¼ 8Vpore, but

with initial pore occupancies of n ¼ 8, n ¼ 10, and n ¼ 9, respec-
tively, as shown in Fig. 12. All ganglia A1, A2, and A3 eventually reach
configuration D as Bo increases. Ganglion A1 undergoes a break-
through at its leading edge, while A2 experiences a flinch at its tail. In
contrast, A3 does not exhibit any breakthrough or flinch during the
process. These findings are consistent with Fig. 3(a) in Ref. 80.

In this section, we discuss the immiscible-flow regime within a
homogeneous 2D rock sample whose structural data comes from the
Research Institute of Petroleum Exploration & Development
(RIPED),81 as shown in Fig. S10(a). The sample size is 0:15
�0:15mm2 and the permeability is 600m=d with porosity 33:26%,
which can be calculated using an ordinary single-phase LBM scheme.
In the calculations, water and oil densities are qw ¼ qo ¼ 1000 kg=m3,
kinematic viscosities are tw ¼ to ¼ 1� 10�6 m2=s, and the surface
tension is c ¼ 0:015N=m, corresponding to lattice densities
qw ¼ qo ¼ 1, lattice kinematic viscosities tw ¼ to ¼ 0:1667, and lat-
tice surface tension c ¼ 0:1543. Four capillary numbers are consid-
ered: Ca ¼ 4� 10�5, Ca ¼ 3� 10�4, Ca ¼ 2� 10�3 at M ¼ 1, and
Ca ¼ 5� 10�4 at different oil/water viscosity ratios under fully water-
wet conditions (hw ¼ 0�). The capillary number definition matches
that in Sec. II. We use 400� 400 lu2 to describe the sample, and body
forces in the x-direction are applied to each phase to achieve the pre-
scribed Ca. The computational domain is symmetrically configured to
ensure periodicity, resulting in a domain size of 800� 400 lu2, as
shown in Fig. S10(b). For each prescribed water saturation Sw (and,
thus, So ¼ 1� Sw), the initial two-phase distribution is generated by a
random seeding (random-point sprinkling) procedure within the pore
space: we randomly assign the minority phase to a corresponding frac-
tion of fluid nodes to match the target saturation, then run a short
relaxation without external forcing to remove initialization transients
before applying the body forces to measure steady-state mobilities.
This randomized initialization minimizes bias from any particular
deterministic initial morphology.

To evaluate the fluids flow capacity vs saturation under different
Ca, we define the relative mobilities of water and oil as

mr;w ¼ �uw

�uD;w
;

mr;o ¼ �uo

�uD;o
;

(29)

FIG. 11. (a) Comparison between theoreti-
cal and simulated critical Bond numbers
Boc . (b) Initial state for n ¼ 8 in the pre-
sent model and the color-gradient model.
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where �uw and �uo represent the water and oil average velocity at given
saturation Sw and So under a specific Ca and �uD;w �uD;o are single-
phase average velocity under the same body force as the two-phase
flow, which is used to achieve the specified Ca.

Accurate velocity data are essential for obtaining relative mobility,
yet such data are often interfered by spurious currents. Previous studies

have investigated relative mobility using various immiscible multi-
phase LB models,2,40–42,51–54,57,82–88 while their work lacked of analyz-
ing the impact of spurious currents and failed to present velocity
contours. Take �uw as an example. �uw consists of two terms: spurious
currents �us and physical velocity �up, so the relative mobility can be
rewritten as

FIG. 12. Evolution of ganglia with identical
volume V ¼ 8Vpore but different initial
pore occupancies (A1, A2, and A3) under
increasing Bo.

FIG. 13. Phase distributions and velocity contours at Ca ¼ 4� 10�5 and M ¼ 1 for (a)–(c) Sw ¼ 0:2, 0.5, and 0.8, respectively, with corresponding velocity contours shown
in panels (d)–(f). The initial phase distributions are generated by random seeding at the target saturation and then relaxed before applying the driving forces.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 38, 026611 (2026); doi: 10.1063/5.0313522 38, 026611-12

Published under an exclusive license by AIP Publishing

 
0
2
 
J
u
n
e
 
2
0
2
6
 
0
6
:
2
3
:
1
1

pubs.aip.org/aip/phf


mr;w ¼ �us;w þ �up;w

�uD;w
;

mr;o ¼
�us;o þ �up;o

�uD;o
:

(30)

Capillary number indicates the relative magnitude of viscous
force to interfacial tension in immiscible flows. Under identical phase
distribution, increasing Ca corresponds to stronger viscous domi-
nance, which enhances relative mobility. However, �us may overwhelm
�up when Ca is small, causing the relative mobility to decrease as Ca
increases. This violates the physical expectation and renders

simulations unreliable. In our simulation, the basic physical criterion is
satisfied even at Ca ¼ 4� 10�5, M ¼ 1 and Ca ¼ 5� 10�4,
M ¼ 100. The simulated phase distributions and velocity contours are
shown in Figs. 13 and 14. Deep blue represents water, red denotes oil,
and black indicates solid rock.

The mr � Sw curves at different Ca and M are shown in
Fig. 15(a). Water remains immobile until its saturation reaches
Sw ¼ 0:4, whereas oil begins to flow at So ¼ 0:3 when Ca ¼ 4� 10�5

and So ¼ 0:2 when Ca � 3� 10�4. The maximum mr;w is only 0.1 at
Ca ¼ 4� 10�5, owing to the “Jamin” effect. Even when oil becomes
the continuous phase [Fig. 14(a)], the maximum mr;o is just 0.5

FIG. 14. Phase distributions and velocity contours at Ca ¼ 5� 10�4 and M ¼ 100 for (a)–(c) Sw ¼ 0:5, 0.6, and 0.7, respectively, with corresponding velocity contours
shown in panels (d)–(f). The initial phase distributions are generated by random seeding at the target saturation and then relaxed before applying the driving forces.

FIG. 15. (a) Relative mobility curves
under different Ca at M ¼ 1. (b) Variation
of relative mobility with viscosity ratio M at
fixed saturation for Ca ¼ 5� 10�4.
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because static water films act as solid walls, producing substantial resis-
tance. As Ca increases, bothmr;w and mr;o rise due to stronger viscous
forces. In general,mr;w remains smaller thanmr;o under equivalent sat-
uration because the wetting phase prefers to flow along the solid inter-
face. Figure 14(b) demonstrates that mr;w decreases with increasingM,
reaching 0.003 at Sw ¼ 0:5 and 0.042 at Sw ¼ 0:7 due to viscous cou-
pling. Furthermore, mr;o depends onM andmr;w:

60 largerM and mr;w

enhance the viscous coupling effect. However, the two factors act in
opposite directions on relative mobility, leading to an extremum
formr;w.

All simulations in this work employ periodic boundary condi-
tions, which are well suited for the present benchmarks because they
represent fully developed bulk flow and avoid inlet/outlet artifacts that
can obscure the measurement of steady spurious currents and relative
mobilities. For displacement problems with imposed velocity/pressure
boundary conditions (inflow/outflow), periodicity is not directly appli-
cable, and one must use appropriate open-boundary schemes (e.g.,
pressure or velocity boundaries) for the distribution functions and
phase fields. A practical implementation detail for the proposed E10
interaction force is that its extended stencil requires additional layers
of ghost nodes near the inlet/outlet to evaluate the high-order force
consistently; in our D2Q37-based E10 stencil, this corresponds to add-
ing several (typically three) ghost layers and filling them using the cho-
sen boundary extrapolation.

IV. CONCLUSION AND DISCUSSION

This work provides a physically grounded and implementation-
ready strategy to suppress spurious currents in multicomponent pseu-
dopotential lattice Boltzmann simulations of immiscible flow, with
particular focus on disordered/porous media and high viscosity ratios.

From a modeling perspective, the dominant errors in the conven-
tional multicomponent pseudopotential model originate from the
discrete approximation of the intercomponent interaction force: finite-
order stencils break rotational isotropy and do not preserve an exact
discrete force balance across a curved interface. The resulting
interaction-force residual contains non-hydrostatic components,
which can be decomposed into solenoidal and irrotational parts; even
in nominally static configurations, the solenoidal component acts as
an effective spurious driving and generates parasitic vortical motion.
Because this error is primarily a stencil-anisotropy effect (rather than a
pure resolution error), grid refinement reduces the spurious capillary
number only weakly. These observations motivate our two-pronged
strategy: improve force isotropy (E10) to strongly suppress the solenoi-
dal residual and then use longitudinal-viscosity control to damp the
remaining irrotational response.

The main pointwise conclusions are

1. Helmholtz–Hodge mechanism and viscosity pathways. By
applying a Helmholtz–Hodge decomposition to the discrete
interaction-force residual, we show that spurious-current driving
errors can be separated into solenoidal (vortical) and irrotational
(compressive) channels. These two channels couple to hydrody-
namics through distinct viscosity pathways: the solenoidal com-
ponent is damped by the shear viscosity l (controlled by s�),
whereas the irrotational component is damped by the longitudi-
nal viscosity k ¼ fþ 4

3l (controlled by se and s�). This mapping
clarifies when and why MRT relaxation parameters attenuate
spurious currents, turning mitigation from empirical tuning into
a physics-guided procedure linked to non-conserved moments.

2. High-order isotropy as a channel selector. A tenth-order isotro-
pic (E10) interaction-force construction shifts the residual error
overwhelmingly into the irrotational channel. As a result,
increasing k via tuning se and s� becomes a principled lever to
suppress parasitic motion without compromising surface-tension
fidelity.

3. Quantified reduction of the solenoidal residual and spurious
currents. Fourier-space analyses and simulation-based decompo-
sitions demonstrate that the E10 stencil reduces the solenoidal
share of the residual by three to four orders of magnitude relative
to the conventional E4 stencil, thereby activating bulk-/longitudi-
nal-viscosity control as the dominant suppression mechanism.
This delivers about two orders of magnitude reduction in spuri-
ous currents and enables stable simulations at large viscosity
ratios relevant to complex disordered media.

4. Robust performance across benchmarks and porous-media
applications. Across static and dynamic tests (Laplace pressure
and two-component Poiseuille flow), the method consistently
reduces the spurious capillary number to Cas � 10�5 and
remains stable up to viscosity ratios of M � 200. In stringent
interfacial-flow problems—including Taylor–Bretherton bubble
dynamics down to Ca ¼ 0:002, the startup of trapped ganglia in
porous media, and immiscible flow in digitized rocks under
extreme wettability—the model reproduces theoretical predic-
tions and physical scaling laws that are often masked by spurious
currents in traditional approaches.

This framework can be extended to three-dimensional simula-
tions with D3Q19/D3Q27 stencils, higher density ratios, and more
complex equations of state; coupled with GPU-based high-perfor-
mance computing, it will enable predictive pore-scale modeling in
applications including enhanced oil recovery (EOR), CO2 sequestra-
tion, and fuel-cell water–gas management.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional details on parame-
ter consistency, including the influence of intercomponent interaction
strength, viscosity, and fluid–solid coupling on surface tension, inter-
face thickness, and spurious currents. Specifically, Fig. S1 quantifies
the effect of grr0 on surface tension, interface thickness, and spurious
currents; Fig. S2 summarizes how viscosity affects spurious currents
and the corresponding spurious Reynolds and capillary numbers; and
Fig. S3 verifies the contact angles produced by the fluid–solid interac-
tion model. It also includes Laplace-law verification (Fig. S4), a
porous-media grid-resolution study (Fig. S5), viscosity distribution
and spurious-current fields in porous media (Figs. S6 and S7),
and supporting geometries and simulation setups for Taylor/
Bretherton flow, trapped-ganglia startup, and digitized-rock simula-
tions (Figs. S8–S10).
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